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VABSTRACT
This thesis presents a • study of the nonlinear effects in optical 
fibres brought about by the real part of the third-order susceptibility.
In single-mode fibres nonlinear interactions between parallel 
polarized waves are shown to develop an amplitude-phase interplay when 
generation and amplification of optical frequencies occur. For a given fibre 
length the optimization of these processes requires a certain input relative 
phase and a finite degree of phase mismatch.
A generalization of the amplitude-phase interplay to a continuum of 
spectral lines reveals the mechanism of spectral broadening. It is shown how 
the nonlinear variation of the phase spectrum broadens the pulse, while the 
spread of the amplitude distribution results in a pulse width reduction.
In low birefringence fibres the nonlinear coupling of power between 
the polarization eigenmodes is shown to contribute to intensity discrimination 
of optical waves. In high birefringence fibres the strong phase-mismatch can 
be circumvented by means of counter-propagating waves of the same frequency or 
two copropagating waves of different frequencies.
In the case of quasi-monochromatic waves propagating down a 
birefringent fibre the nonlinearly induced variations of the spectral 
amplitude and phase distributions result in deterioration of the degree of 
coherence. This quantity will depend on the level of power and its partition 
between the polarization eigenmodes.
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11 . INTRODUCTION
1.1 Historical Background
The advent of low loss optical fibres in the 1970s led to the 
commercial implementation of long haul optical communications systems. The 
same development also caused the emergence of silica glass fibres as efficient 
nonlinear devices despite their relatively low nonlinear susceptibility 
compared with other materials.
The reason for this appeal arises from the waveguiding properties of 
a fibre, which allow concentration of optical energy within a very small area, 
and also permit maintaining this high intensity over a long distance. These 
advantages more than offset the low optical nonlinearity of silica quartz. A 
very recent development, however, points the way to enhancing the nonlinearity 
by doping a silica fibre with germanium [1]. An increase of up to two orders 
of magnitude in the nonlinear susceptibility has been proven feasible which 
opens up the way to designing devices based on short fibres.
A large amount of work has been reported since 1970. This period 
can be divided roughly into two parts. The first one, 1970-1980, consists of 
investigations into the nonlinear properties of optical fibres and 
demonstrated experimentally Raman [2] and Brillouin [3] scatterings, as well 
as four-photon mixing processing, i.e., Kerr effect [4], and frequency 
conversions in multimode [5] and single mode fibres [6]. In addition, the 
spectral broadening undergone by an optical spectrum as it propagates down a 
nonlinear optical fibre was demonstrated experimentally [7], [8] and analyzed 
theoretically in terms of the pulse shape and its self-phase modulation [7] or 
the spectral components of the pulse [8].
2These developments and many others were reviewed by Stolen [9], who 
also estimated [10] critical powers above which nonlinear processes in single 
mode fiber transmission systems become detrimental.
In the years following 1980 the knowledge of optical nonlinearities 
in fibres has been put into applications which involve modifications of the 
amplitudes and phases of the waves travelling through the fibres. Such 
applications include: 1) counterbalancing the dispersion by means of
nonlinear variations of the refractive index which gives rise to an unchanging 
pulse shape in the form of the fundamental soli ton [11], 2) pulse shapers
[12], logic gates [13], optical samplers [14], using a birefringent fibre as 
the nonlinear medium, 3) optical amplifiers [15], oscillators [16], sources of 
new light frequencies [6], etc. The process of four-photon mixing was also 
applied to the evaluation of strain-induced birefringence in fibres [17].
On the other hand, experiments were performed to determine some of 
the detrimental affects such as the degree of interference by nonlinear 
effects with the stream of optical data sent down a fibre [18].
1.2 Contents of This Thesis
The modelling of nonlinear interactions of light and matter in 
optical fibres parallels the theories developed for nonlinear process in bulk 
materials. Hence a few general aspects of nonlinear optics are outlined in 
the first part of Chapter 2. Its second part will describe the nonlinear
characteristics of silica glass as an isotropic material, and derive the 
coupled-wave equations governing the field variations resulting from the 
nonlinear interactions.
After reviewing the background, in Chapter 3 we go on to rigorously 
investigate the process of four-photon mixing [19] drawing upon the approach
3first presented by Armstrong et. ai. [20]. Thus we shall improve on the 
analysis of [21 ] which disregarded the role of the amplitude-phase 
interdependence in the process of frequency conversion and we also consider 
the cases of amplification of spontaneous emission and pump depletion. We 
show that a certain degree of phase-mismatch and a suitably chosen initial 
phase can increase the amplification of Stokes and anti-Stokes signals.
In Chapter 4 the coupled-wave equations are applied to the spectral 
lines of a continuum so as to determine the interplay between amplitude and 
phase variations, which brings about the broadening of the spectrum. Such a 
relation was not presented in [22], although broadening of the power spectrum 
was illustrated. We show that a smooth and continuous dispersive phase is
nonlinearly generated and this initiates the broadening process. 
Consequently, no positive dispersion of the fibre is required at high power 
levels in order to bring about a more efficient spectral broadening, as 
suggested by analyses carried out in the self-phase modulation approach 
[23]. Also, a particular spectral distribution, i.e., a hyperbolic secant 
function, can foil the spectral broadening and compensate for the linear 
dispersion [24], resulting in a constant pulse shape.
So far only interactions between parallel polarized fields have been 
assumed. Extension of this work is important for birefringent fibres in which 
two perpendicularly polarized modes are sustained. This characteristic 
provides a way of intensity discrimination as cross-polarization coupling of 
power between the eigenmodes depends on the power distribution between them, 
as well as its total value. The analysis of this process constitutes the 
first topic of Chapter 5. The presence of the inter-polarization term and use 
of polarization eigenmodes form the major difference between this analysis 
[25] and the one presented in [26] where circularly polarized modes were
4invoked in order to explain experimental result. In terms of circular basis 
vectors the coupled-mode equations contain a linear interpolarization coupling 
term and a self-coupling term.
Next we consider two ways of overcoming the phase mismatch 
encountered in high birefringence fibres, and of reducing the optical power 
levels necessary for efficient interpolarization coupling. To this end, one 
can use either counterpropagating beams of the same frequency [27], or two 
copropagating waves of different frequencies.
In the last part of Chapter 5 we investigate the possibility of’ 
stabilizing the state of polarization by having linear, nonlinear, and random 
couplings balance out in low birefringent fibres [28],
Chapter 6 describes the spectral broadening occurring in low and 
high birefringence fibres, and calculates the degree of coherence. We find 
out [29] that the inter-polarisation coupling of power leads to strong 
variations in both the magnitude and phase of the complex degree of coherence, 
compared with the case of no power coupling as in high birefringent fibre.
Finally, conclusions are outlined in Chapter 7 together with 
suggestions for further work.
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2. NONLINEAR OPTICS
2.1 Nonlinear Polarization
The field of nonlinear optics covers interactions between optical 
waves and matter, which result in intensity dependent changes of the waves' 
amplitudes and phases. Some nonlinear phenomena, e.g. Raman and Brillouin 
scatterings, involve a net transfer of energy from the radiation fields to the 
medium. Others, e.g. second-harmonic generation and four-wave mixing, couple 
energy between the interacting waves with no energy being stored in the 
medium.
The nonlinear interactions arise [1 ] from the coupling of the 
electric fields with the charged particles and the ensuing distortion of the 
charge distributions. Nonlinear parts of the multipole moments of this 
perturbed charge distribution become appreciable in high field intensities and 
act as new sources of radiation.
light waves in a nonlinear dielectric is governed by the Maxwell equations, 
which in the absence of currents or charges read
Like any other electromagnetic phenomenon, the interaction between
(2.1 )
(2 .2 )
V • D = 0 (2.3)
7 • B = 0 (2.4)
where E and H are the electric and magnetic fields, respectively, D and B the 
electric and magnetic inductions, respectively, and c the speed of light in 
vacuum.
The set of equations (2.1-4) needs to be complemented with the 
material or constitutive relations connecting the electric induction D and the 
electric field E, and the magnetic induction B to the electric field H. These 
relations are
D = e E = E + 4ir P (2.5)
B = u H (2.5)
with e and u, respectively, the electric permittivity or dielectric tensor 
and the magnetic permeability tensor. In (2.5) P denotes the electric-dipole 
polarization. In the following we shall consider only materials in which the 
magnetic permeability is unity, i.e., B = Hf and the electric-dipole 
polarization displays no spatial dispersion, or nonlocality properties.
While an electric polarization P present in the medium affects the
optical fields through the Maxwell equations, the electric dipole moments
induced in the medium by the radiation fields should be treated quantum-
mechanically by means of the Schrödinger equation in order to calculate the
nonlinear susceptibility. For sufficiently weak intensities i.e., E < E t
(with E ~ 3 x 108 V/cm a characteristic atomic field) the perturbation & t
theory can be used and the induced multipole moments per unit volume can be 
expressed in power series in the field components, and their spatial and time 
derivatives. However, for our purposes we shall retain only the first kind of
terms so that the total polarization P is described in the electric dipole 
approximation by the relation [1]
P(r,t) = / dt' R (1) (t-t') E(r,t') + (2.7)
— GO
t t 1 ~ ( 2 )
+ / dt' / dt" R (t-t', t-t") E ( r ',t ’) E(r",t") +
—OO —oo
t t' t" ~ ( 3 )+ / dt' / dt" / dt'" R (t ) E(r',t ') E(r",t") E(r'",t'")
—oo —oo -oo
with r and t the space and time coordinates and R^n  ^ an n+1 rank tensor 
accounting for the polarization response of the medium, which is time 
invariant and so depends only on the time differences x' = t - t', 
x" = t - t", T '" = t - t'", etc.
The spectral components P(to) of the electric polarization can be 
found from (2.7) by substituting for the fields and the polarization, their 
Fourier decomposition, that is
E (r,t) / E (r,to) icote dto (2.8 )
for the electric fields and similarly for the polarization. For instance, the 
spectral component P ^ ^ ( üj ) of the third-order polarization is given as [1]
P (3)(o> ) = /  da>2 /dto ^ /dto^ (w ^ ,to ,<o 3,0)^) E(co2 ) E (w 3 ) E (^4 ) x
-  0) -  CO )4 1x 6 (to2 + co3 (2.9)
w here  a d ep en d en ce  on r  o f  E(to ) i s  i m p l i c i t ,  and w i th  th e  t h i r d - o r d e r  
s u s c e p t i b i l i t y  t e n s o r  d e f i n e d  as
~ (3 )
X ( ü). ,tü ,0J ,0) )2 '  2 '  $ / d x  ' /  dx" / d x " R ( 3 ) ( T T ) X
- i ( “ 2T '
x e
+  U> T "3 + ÜJ T ' " ) 4
( 2 . 1 0 )
In  ( 2 . 10 ) (3) i f (n) < o so as  to  s a t i s f y  th e  c a u s a l i t y  p r i n c i p l e .
We n o te  from  ( 2 . 1 0 )  t h a t  i f  th e  medium re s p o n d s  i n s t a n t a n e o u s l y  t o  
th e  f i e l d  i . e . ,  i f  = 0 ,  t h e n  th e  s u s c e p t i b i l i t y  t e n s o r  becomes
f r e q u e n c y  in d e p e n d e n t .
The a d v a n ta g e  o f  h a n d l i n g  s p e c t r a l  com ponents  r a t h e r  t h a n  t h e i r  
t o t a l  s u p e r p o s i t i o n  l i e s  i n  th e  p o s s i b i l i t y  o f  i d e n t i f y i n g  each  n o n l i n e a r  
p r o c e s s  w i th  i n t e r a c t i o n s  o f  p h o to n s  w i th  th e  medium. In  t h i s  c a s e  i n  eq .  
( 2 . 9 )  an a b s o rb e d  p h o to n  i s  d e n o te d  by a p o s i t i v e  f r e q u e n c y  or ( i  = 2 ,3  o r  4) 
w h i le  an e m i t t e d  p h o to n  i s  i n d i c a t e d  by a n e g a t i v e  f r e q u e n c y ,  i . e .  -o> . In  
th e  l a t t e r  c a s e  E ( - oj) = E*( oj),  w here  th e  a s t e r i s k  s t a n d s  f o r  th e  com plex 
c o n ju g a t e  [ 2 ] ,  C o n s e q u e n t ly ,  o n ly  t h r e e  a n g u la r  f r e q u e n c i e s  a r e  i n d e p e n d e n t  
in  ( 2 . 9 )  and ( 2 . 10 )  as  th e  f o u r t h  one i s  d e te r m in e d  from  th e  law o f  e n e rg y  
c o n s e r v a t i o n ,  e . g .  + W2 ” °°3 ” ^4  =
T h ere  a r e  d i f f e r e n t  c o n v e n t io n s  f o r  t h e  d e f i n i t i o n  o f  n o n l i n e a r  
s u s c e p t i b i l i t i e s  [ 3 ] .  However, we s h a l l  a d o p t  th e  one i n t r o d u c e d  by Maker and 
Terhune  [4] f o r  t h i r d - o r d e r  s u s c e p t i b i l i t i e s .  In  t h i s  c a s e ,  a d e g e n e r a c y  
f a c t o r  e q u a l  t o  th e  number o f  d i s t i n g u i s h a b l e  p e r m u t a t io n s  o f  co^/ and
Xin  ( 2 . 9 )  o r  ( 2 . 1 0 ) ,  m u l t i p l i e s  t h e  c o e f f i c i e n t
(3)
We shall not concern ourselves with second-order effects since
silica glass in its natural state is an isotropic material and, therefore, 
lacks the inversion assymetry required for a non-zero second-order 
nonlinearity [2], [3].
2.2 Nonlinear Effects in Glass Fibres
Nonlinear light-scattering processes can be classified in two groups
associated with the real and imaginary parts of the complex third-order
susceptibility. That is, the imaginary part of x ^ ^  leads, in glass, to
Raman and Brillouin scatterings, while the real part of is related to
generation of new frequencies, and intensity-dependent changes in the
refractive index experienced by the optical waves [2].
The first group of interactions involves coupling between the
radiation fields and excitations in the medium, such as molecular vibrations
for Raman conversion and acoustic waves in the case of Brillouin scattering.
The interactions of the second group occur through non-resonant
excitations of the electronic configurations of the molecules by well below
resonance frequencies. The corresponding nonlinear polarization has its
physical origin, [5] predominantly, in the distortion of the electron orbits
around the average positions of the nuclei. This polarization responds
—  1 6rapidly to field changes, within a few electronic cycles (~10 sec). A
small fraction (< 20%) of the real part of x^^ arises from an optical field
induced change in the motion of the nuclei and can be observed only following
-1 2a time lapse of the order of ~10 sec required for a nucleus to execute a 
vibrational or rotation cycle. This is actually the source of the Raman
effect
are commonlyThe elements of the tensorial susceptibility x (3)
.denoted as (w^ , ü) , to^ , co^ ), with i,j,k,£ = x,y, or z. Such an
element links the vectorial component of the nonlinear polarization ?(3)
oscillating at frequency ü k , to the electric fields Ej, E^, and E^  of
frequencies cu . , u) , and a) respectively. D k Z ,
(3) areIn an isotropic medium, only 21 of the 81 elements of x 
nonvanishing. Of these only 3 are independent. This follows [1 ] from the 
fact that
X = x + x + xxxxx xxyy xyxy xyyx (2 .1 1 )
and in addition, one has all X-.-- equal as well as all X..,, equal, allm i  nkk
X., ., equal, and all X ■ ■  equal, where i * k.IjCDC X.JCJC3.
However, when the contributions to the nonlinearities is of 
electronic origin a further relationship between the components of (2.11) is 
of interest, and reads [4]
Xiikk Xikik Xikki Xiiii (2 .1 2 )
Thus one needs to determine only the value of the parallel component 
X = Experimental results for silica indicate a value between [6]
X = 4.2 x 10 esu and [7] x = 5.7 x 10 15 esu. The nonlinear
susceptibility can be substantially increased, up to two orders of magnitude, 
by doping the fibre with germanium [8].
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2.3 The Coupled-Wave Formalism
We now turn to the solution of Maxwell's equations as given in 
Section 2.1. The initial derivation of the coupled-wave equation [9]
originated from the wave equation driven by a polarization term and under the 
assumption of a slowly varying amplitude. The resulting equation in terms of 
plane waves was later adjusted, e.g. [10], to intermodal coupling in an 
optical fiber. An alternative derivation, as suggested by Kogelnik [11],
leads to the same result without involving any restriction on the variation 
rate of the field amplitude.
In this section we present a derivation of the coupled-wave equation 
which follows the latter approach. However, before doing so we shall briefly 
summarize the description of an electromagnetic wave that propagates in an 
optical fiber.
2.3.1 Modes of a Weakly Guiding Fibre
The simplest fibre configuration [12], the "step-index" fibre,
consists of a circular core of radius a and a refractive index n . surroundedco'
by an infinite cladding of refractive index n (< nc o ) • In the weakly
guiding approximation one has A = (n - n „ )/n << 1 .co cl co
The modes of such a distribution of dielectric media are solutions 
of Maxwell's equations (2.1)— (2.4). We denote the electric and magnetic 
fields of a mode by and H , respectively, so that when the fibre axis is 
taken as the z-axis
E = e (x,y) exp(-i(3 z) (2.13a)m m  m
H = h (x,y) exp(-i0 z) m m  m (2.13b)
where em and are the field distributions, and 3^ is the propagation
constant, which satisfies n k < 8 < n k, (with k the wavenumber) forcx m co
bound modes and 3 < n k for radiation modes. The bound modes can bem cx
considered, to a good approximation, as TEM modes, i.e. e = h =0, sincez z
3 - n k as a consequence of n = n .m co cl co
When the Maxwell equations are written in terms of cylindrical polar
coordinates, r and 9, the spatial distribution is obtained from the
solutions to the resulting wave equation, with the propagation constant
determined from the boundary conditions.
Defining u2 = (k2n2 - 32 )a2, and w2 = (32 - k2n2 )a2 one findsco cl
for the radial field distribution the following solutions [12]
F^(r) = J^(ur/a) / J (u) for 0 < r < a (2.14a)
F (r) = K^(wr/a) / K (w) for a < r (2.14b)
with l = 0, 1 , 2, . . ., the Jl-th order Bessel function and the
it-th order modified Bessel function. The eigenvalue equation is
u J£+1(u) / Ji (u) = w Kz+1(w) / Ki (w) (2.15)
The modal field is described by the solutions F^(r) sin{IQ) and
(r) cos (Z0 ).
There are different systems of classifying the modes, but they are 
of no interest here for the following treatments will deal only with single­
mode fibres, for which in the notation given above l = 0
a step-index fibre regains smgle-moded for so long as ^  
V defined as
V = k a n (2A ) co V2 (2.16)
takes values smaller than 2.4,
The description of the fundamental mode of a wea.ly guiding fibra 
can he simplified if one ta.es advantage of its similarity to the gaussian 
distribution. In this case the radial distribution V r )  can be written as
F (r) = exp(-r2/r2 )
(2.17)
rQ is the spot size of the fundamental mode. The spot size 
corresponding to a fibre depends on the parameter V. and the index profile. 
Expressions for rQ are well documented [,2], [13]. The gaussian approximation 
of the fundamental mode reproduces well enough the electric field distribution 
in fibres of different profiles, e.g. graded-index fibres, despite having the 
exact radial dependence given by other functions than Jq in the core.
The dependence on the wavelength of the refractive index will be 
determined by using a three-term Sellmeier disperse equation with parameters 
reported by Kobayashi et al. [1 4 ],
2.3.2 Coupled-Wave Equations
Consider a superposition of guided and radiation modes, all 
oscillating at angular frequency with the resulting electric E and
magnetic fields having the form
20
Et Z amm
Em
-iß z
e m (2.18a)
Ht
-iß
e
zm ( 2.1 8 b )
with Em and the transverse patterns of the m-th mode, and the expansion 
coefficients a^ determined from
am 2 // dxdy E x H*t m 2 // dxdy E* x H m t (2.19)
In (2.18) the symbol Z stands for summation over guided modes and 
integration over radiation modes.
In order to find the longitudinal variation with z of the expansion 
coefficients we need to resort to the curl Maxwell’s equation (2.1) and (2.2), 
and the constitutive relation (2.5). With a sinusoidal time dependence of the 
form exp(iu)t) for E,H and P, the curl equations yield
V x E = - —  ia)uH (2.20)c
V x H = —  iu)£E + c
4tt .-- 10) Pc (2.21 )
Let us now apply eqs. (2.20) and (2.21 ) to two sets of
electromagnetic fields, i. e. , and P^ , and H2 dnd We form the
dot product of H* with (2.20) having indices 1, and of E^  with the complex 
conjugate of (2.21) having indices 2. After use of the vectorial identity
V (a x b) = b • (V x a) a (V x b) (2 .2 2 )
2 1
one obtains
V • (E1 x H*) + E (V x H*) - —  icju H. • H* c 1 2 (2.23)
V • (H* x E1 ) + H* • (V x E, - —  ico(e E* + 4tt P*) • E. c 2 2
(2.24)
Next one subtracts (2.24) from (2.23) to get
V • (E1 x H*) = —  (eE* • E. - U H, • H* + 4ir P* • E. ) (2.25)1 2 c  2 1  1 2  2 1
The next step involves exchanging labels 1 and 2 in (2.25), taking 
the complex conjugate and adding the result to (2.25) to obtain
itoV • (E. X H* + E* X H. ) =   4tt (P* • E. - P • E*) (2.26)1 * 2 2 1 c 2 1 1 2
Since the only variation of the fields should manifest itself in 
longitudinal changes of the expansion coefficients a , we set in (2.26) P?=0, 
and E2=Em, to represent the mode affected by the polarization P^  = P 
accompanied by the total field Ei=Et of (2.18a). Next we integrate (2.26) 
over the waveguide cross-section, apply the divergence theorem to the 
transverse part of the del operator, i.e., = 3/8x + 3/3y and use the
result to find that the line integral extending over an infinitely large curve 
enclosing the waveguide vanishes [11]. The remaining integrals over the fiber 
cross-section yield for the variation of am the relation
22
_ d . r r . 1 3 z2 ——  a = -io) // dx dy P • E* m dz m m (2.27)
with P the perturbing polarization. To obtain (2.27), the modal fields have 
been subjected to the orthonormalization condition
— - // dx dy E x H* = 5 (erg/sec) 4tt m n mn (2.28)
where <5 is Kronecker delta, mn
In the following chapters eq. (2.27) will be applied to various
cases of nonlinear interactions.
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3. LIGHT CONVERSION IN NONLINEAR MONOMODE OPTICAL FIBERS
Summary:
An analysis of the four-wave mixing phenomenon in monomode optical 
fibers is undertaken. Its central aspect is the interdependence between the 
amplitudes and the relative phase of the four waves. An expression for the . 
spontaneous emission in terms of the pump power is derived. Investigating the 
pump depletion it is shown that for short fibers a certain degree of total 
phase mismatch can be advantageous for the amplification of weak Stokes and 
anti-Stokes signals. Also the optimal fiber length depends on the initial 
relative phase.
3.1 Introduction
Of the variety of applications of nonlinear fibers outlined in 
Chapter 1 , we shall deal in this Chapter only with generation and
amplification of optical frequencies, e.g. [1]-[7], brought about by the real 
part of X • An interesting feature of the conversion of optical
frequencies through four-photon mixing is the possibility [8] of controlling 
the frequency shift between the pump and the generated waves through the
guiding properties of the fiber.
(3 )The imaginary part of x • too, is able to create new frequencies 
through, e.g. Raman conversion [9]. This process however is not influenced by 
the waveguide properties in the determination of the frequency shift.
The physical descriptions of the nonlinear effects in bulk material 
and in optical fibers are identical. Hence the investigation of these
phenomena in fibers should parallel the theory developed for their analysis in
non-guiding structures. One of the most thorough of such analyses was given 
by Amstrong et al. [10]. They derived from the wave equation under the slowly 
varying amplitude approximation a set of coupled-wave equations which describe 
the evolution of the amplitudes and the phases of the waves involved. 
However, it appears [11] that the analytical solutions do not lend themselves 
easily to investigation. Consequently, dealing with the particular case of an 
undepleted pump [4], [12] and disregarding [12] the influence of the nonlinear
phase caused by the conversion term, proved to be the major approaches to the 
problem, although experiments are carried out under different conditions 
[5]. Nevertheless, numerical solutions to the coupled-wave equations are 
easily obtained in the range of pump depletion and results are presented in 
this Chapter.
Another topic of interest is the amplification of spontaneous 
emission or quantum noise. This has been handled by considering a noise input 
of one photon per spectral mode [13], [14], which requires the need to 
determine the number of normal modes or the volume in which the photon 
counting is done. This volume was taken to be the fiber's volume [14] and the 
normal mode spacing was determined using the length of the fiber as if it was 
a resonator [14]. It is clear, however, that a nonlinear process develops as 
the waves propagate down the fiber without displaying any substantial 
perturbation caused by the reflection from the fiber's end. Therefore, a more 
suitable quantity for the description of quantum effects in an optical fiber 
is the density of radiation modes per unit frequency [15]. This will enable 
us to calculate the energy density of the noise or the power carried by the 
photons scattered in the process of four-photon mixing due to spontaneous
emission [16], [17].
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This Chapter differs from a previous analysis [12] of the same topic 
by dealing with the amplification of quantum noise and by showing the inter­
dependence between the change of the relative phase of the four waves and the 
variation of their amplitudes. The process is investigated from the stage of 
undepleted pump to and beyond the stage of depletion. The approach [10] 
followed here leads to modified forms of the parametric gain and the generated 
bandwidth. Also, it is found that for the amplification of weak Stokes and 
anti-Stokes signals a certain degree of total phase mismatch can be useful, 
which together with the initial relative phase will determine the conversion 
efficiency. Experimental results are accounted for.
The model which will be developed here consists of a light beam or a 
degenerate pump that excites a polarization in the core and cladding of a 
fiber. In its turn, the polarization emits spontaneously or under stimulation 
when a signal is injected. If a pair of photons scattered along the fiber 
satisfy the energy and momentum conservation laws, then the photons will be 
amplified through stimulated emission. At every moment this process is 
governed by the coupled wave formalism which forms the subject of Section 
3.2. The amplitude and phase variations resulting from the coupled-wave 
equations [10] [18] are presented. Next, an expression for the power of
spontaneous emission is described in Section 3.3. In addition, conditions on 
the wave-vector mismatch and the initial phase leading to maximum growth rate 
are determined for the case of light generated from quantum noise. It is 
found that the parametric gain includes the dependence on the phase mismatch 
in a multiplicative sine term.
For short fibers more efficient frequency conversion within a narrow 
bandwidth is achievable by injecting, along with the pump wave, Stokes and/or 
anti-Stokes waves. The optimal conditions for such cases are presented in
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Section 3.4, where we point out the assymetry between positive and negative 
values of the total phase-mismatch as well as the fact that the optimal length 
depends on the input phase difference. Conclusion are summarized in 
Section 3.5.
3.2 The Coupled-Wave Formalism in Monomode Fibres
Let us consider four monochromatic waves oscillating at different
angular frequencies go , with m = 1-4, propagating in a single-mode fibre,m
and whose electrical fields F(go ) have the formm
i (go t - 0 (go )z)
F(Go) = ( V 2 ) a (z ) E (x ' y ) e m ^ +c.c. (3.1)m  ^ m m
The modal fields E = E (x,y,Go ) x, (x being a unit vector), are subject tom o  m
the orthogonality condition (2.28) so that 
00
—n—  // dxdy E x H* = 1 (erg/sec) (3.2)4tt m m— OO
where E and H represent, respectively, the electric and magnetic field m n
patterns transverse to the propagation direction z. In addition, 3 (go^ ) is
the propagation constant of the m-th wave, c is the speed of light in vacuum,
5 the Kronecker delta and a (z) is a coefficient whose magnitude square, mn m
i i 2i.e., a (z) gives the power in the mode [18].> m 1
The longitudinal variation of the field coefficient a (z) as given
NLas a function of the projection of the polarization P oscillating at the 
angular frequency go , onto the modal field E that is according to (2.27)
d_
dz a (z ) n
oo iß (go )zNL * n-(i/2) go // dxdy P • E e n n
(3.3)
— OO
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NL
The polarization of interest P (tu ) is induced via a third-ordern
optical effect and is determined, following Maker and Terhune [19] as
NIi
P (ü> ) = X Z Z Z F(to, ) F(to,) F (to *) (3.4)n r , , k 1 mk 1 m
with Xr the real part of the parallel tensor element of the nonlinear
susceptibility i.e., x assumed to be independent of the frequenciesxxxx
involved which satisfy the law of energy conservation,
to + to , = to + to (3.5)k 1 m n
and k, 1, m, n = 1, 2, 3, 4 identify the waves involved in the process.
It is convenient here to introduce the gaussian approximation [20]
for the field distribution of the fundamental mode which was described in
Section 2.3.1 through the relation
2 2E (r, to.) = A (to.) exp( - r /r (to . ) (3.5)o j o  j 0 3
where r is the radial coordinate, A (to.) the normalized amplitude ando 3
r (to.) the spot size radius of the j-th wave (j = 1, 2, 3, 4). Upono 3
substitution of (3.6) in (3.2) we obtain that A2 = 8/(n cr2 ). Combiningo o
Eqs. (3.1) - (3.6) yields the following relation
d_
dz an
32tt--- to2c
E
k
E Z N (k, 1, m, n ) 
1 m
R1 (k, 1, m, n ) (k, 1, m, n ) x
*
x a, a., a exp(-iAß z) k 1 m
(3.7)
klmn
with
N (k,1,m,n) - 1/9(n, n n n ) k 1 m n
R (k,1,m,n) = (r r r r ) ok ol om on
R2 (k,l,m,n) = ( 4“  +  4"  +  4-  +  4-  )
rok rol rom ron
A3 = 3  +3  -3  -3klmn k 1 m n
(3.8)
(3.9)
(3.10)
(3.11 )
where n. = n(oo.) is the core refractive index relevant to the j-th wave,
3. = 3(u).), r . = r (u. ) and a. = a (g o .) . 
3 3 03 o 3 3 3
Writing the modal coefficient as a = p exp(-i<J> ) one can deriven n n
the equations governing the behavior of the amplitude p and the phase tj>
as
dz Pn - a) C p p p sin9n o  k 1 m klmn (3.12)
, 0 p o pd , _ 2 , _ k 1 m A .—  =o) (EC p + C --------  cos9, . )dz n n kknn k o p klmnk n
(3.13)
with k,l * m,n, m * n and where
\lmn = A6klmn * 2 + K +1 “ ♦« " (3.14)
C = D 
o ( 3 . 1 5 )
32
32tt
2 Xr  N ( 1 , 2 , 3 , 4 )  Rn ( 1 , 2 ,  3 , 4 )  ^ ( 1 , 2 , 3 , 4 )
3 2tt
Cklmn = D ~ ~  Xr  Oc, 1 , m , n ) R9 ( k , l , m , n
c
( 3 . 1 6 )
Here D i s  th e  d e g e n e ra c y  f a c t o r  [19] and e q u a l s  th e  number o f  d i s t i n g u i s h a b l e
p e r m u t a t io n s  b e tw een  oj , oj , and -a)
2 3 4
2
In  te rm s  o f  th e  pow ers p = p c a r r i e d  by th e  f o u r  w aves ,
j j
Eq . ( 3 . 1 2 )  can  be w r i t t e n  as
Q k 1/9-7---- = 2U), C (P, P_ P_ P . ) / 2 s i n 0 indz k o 1 2 3 4 klmn ( 3 . 1 7 a )
1 1/
- —  = 2o). C0 ( P1 P_ P- P . ) / 2 s i n 0 , .dz 1 u 1 2 3 4 klmn ( 3.1 7 b )
1/
- 7—  = -2u> Cot P .  P 0 P ,  P . ) / 2 s i n 0 , .dz m u 1 2 3 4 klmn ( 3 . 1 7c)
Vo-2wn C0 (P 1 P 2 P 3 P 4 ) /2 s in 0 klmn ( 3.1 7d )
For i n s t a n c e ,  i f  k=2, 1=3, m=4 and n=1 when th e  r e l a t i v e  p h a s e
0^„„ = 0 s a t i s f i e s  - it < 0 < 0 t h e n ,  w i th  or + a) „ = m m , power i s  2341 1 4 2 3
t r a n s f e r r e d  f rom P 2 and P^ to  P 1 and P^ th ro u g h  c o n v e r s i o n  o f  two p h o to n s  o f  
f r e q u e n c i e s  to^ and  a) i n t o  two p h o to n s  a t  and co^. When 0 < 0 < tt th e
o p p o s i t e  p r o c e s s  t a k e s  p l a c e .  P h y s i c a l l y  two waves e x c i t e  th e  medium w h i l e  
th e  o t h e r  two h a v in g  a com bined d e la y  p h a se  0 g e t  a m p l i f i e d  by d e - e x c i t i n g  
th e  medium th ro u g h  s t i m u l a t e d  e m i s s io n .  In a d d i t i o n  to  c h a n g in g  th e  f i e l d  
a m p l i t u d e s  o r  p o w e rs ,  th e  c o n v e r s i o n  te rm s  a l s o  a f f e c t  th e  r e l a t i v e  p h a s e  0 
th ro u g h  e q u a t i o n s  ( 3 . 1 3 )  and ( 3 . 1 4 ) .  Thus, s e p a r a t i n g  i n  ( 3 . 13 )  b e tw e en  t h e
frequency conversion and the self-coupling terras which generate a nonlinear 
NLcontribution 3 to the propagation constant, i.e., the Kerr effect, results n
in the following relation for 0,
,0NL „ , P1P 3P 4 P1P 2P 4A3 + A3 + C (u) ------  + 03 ------o 2 p 3 p
- 03
P 2P 3P 4 P 1P 2P 3 N
---------  - 03 „ ---------  ) COS0
P„ 4 p
(3.18)
where iß = Aß2341 = ß2 + 8 3 ' 8 4 ' 81 (3.19a)
and
NL .NL „ NL „NL „NLA3 = ß 2 + S 3 -B, - ß 4 (3.19b)
The nonlinear contribution 3 comes from (3.13) and isn
A 3 N L  =  03 Z C , p2 (3.19c )n n , kknn kk
The analysis of eqs. (3.17) and (3.18) from the early stage of
quantum noise amplification on to the case of depleting pump will be 
undertaken below.
3.3 Light Generation from Quantum Noise 
3.3.1 Noise Power
The nonlinear polarization is capable of coupling energy from the 
pump into Stokes and anti-Stokes fields through stimulated conversion of 
photons in the presence of non-zero fields. If no signals are injected along
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w i t h  t h e  pump t h e  s t i m u l a t e d  c o n v e r s i o n  i s  i n i t i a t e d  by quantum n o i s e ,  i . e . ,  
s p o n t a n e o u s l y  e m i t t e d  p h o t o n s .
The n o i s e  power Pg p e r  u n i t  f r e q u e n c y  c o u p le d  i n t o  t h e  f i b e r  i s  
r e l a t e d  to  t h e  t r a n s i t i o n  p r o b a b i l i t y  f o r  t h e  s p o n t a n e o u s  p r o c e s s  [ 1 6 ] ,  [17] 
and ,  as  d e r i v e d  i n  t h e  Appendix ,  i s  g i v e n ,  f o r  t h e  S to k e s  f r e q u e n c y  oi^, by
4
P = y 2 — —— - S- ti e r g / s e c . H z  ( 3 .2 0 )
s 3 5 a ^  P
where  n i s  t h e  r e f r a c t i v e  i n d e x  a t  t h e  pump w a v e l e n g t h ,  i s  t h e  S to k e s
a n g u l a r  f r e q u e n c y  of  t h e  s c a t t e r e d  p h o t o n ,  u> i s  t h e  a n t i - S t o k e s  f r e q u e n c y ,
3.S
Ha i s  P l a n c k ' s  c o n s t a n t  t im e s  1 / 2 tt, L i s  t h e  l e n g t h ,  P i s  t h e  pump power
hr
2
and a i t s  s p o t  s i z e  o r  modal  a r e a  ( iT r  / 2 ) .  F i n a l l y ,  ft i s  t h e  s o l i d  e f f  o
a n g l e  s u b t e n d e d  by t h e  f i b e r  f o r  t o t a l  i n t e r n a l  r e f l e c t i o n .
A s i m i l a r  e x p r e s s i o n  h o l d s  f o r  t h e  a n t i - S t o k e s  power Pa s  w i t h  
i n d i c e s  i n t e r c h a n g e d .
3 . 3 . 2  Noise  A m p l i f i c a t i o n
The g rowth  r a t e  o f  one of  t h e  a m p l i f i e d  waves,  s a y ,  m=1 c o u l d  be
found  from e q .  ( 3 . 1 7 b ) .  Assuming a d e g e n e r a t e  pump, i . e . ,  cu = and
P = p = p and n o t i n g  t h e  c o n s e r v a t i o n  of  number o f  p h o t o n s  from ( 3 . 1 7 )  as  
2 3 p
P , ( z )  -  P i (0)  P (z)  -  P (0)
J _________ ]____  = _________1-----  ( 3 . 2 1 )
one can t r a n s f o r m  ( 3 . 1 7 c )  i n t o
3 5
dP1
dz -2 (o>1 C P [1 + ( —  - 1 ) o p  a
P 1 (0) 
P1 (z )
1/2
] P 1 (z ) sin9 (3.22)
where 9 = 9 and
P (0) oi_J______ 4
a P (0) a)4 1
(3.23 )
For the examples given in this analysis where P.^0) and P4 (0) are 
the noise power per unit length, i.e., L = 1 cm in (20), the ratio a is less 
than 1.6. In addition, the quantity P1(0)/Pl(z) is shown by numerical 
solutions to decrease rapidly. Therefore, let us, for simplicity, set a=1 in 
(3.22) which becomes
dP 1
dz g P 1 ( z ) (3.24)
where a gain coefficient g has been defin’ed through the expression
g -2 (u) ^ C P sin9 o p (3.25)
Note that this form of the parametric gain, eq. (3.25), includes the
information on the phase-mismatch through a multiplicative term, sin9,
unlike the additive term in eq. (8) of [12]. This is brought about by the
absence in eq. (8) of [12] of the sine factor of eq. (3.12). Eq. (3.25) and
NLeq. (8) of [12] become identical for 9 = -tt/2 and Aß + Aß = 0.
Now, the question arises as to the initial phase 9 which is to be 
inserted in the parametric gain as given by (3.25) in the case of quantum
noise amplification In determining this phase difference one has to take
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into account the random nature of the phase of the spontaneous light [21],
For maximum growth eq. 13.25) indicates that 9 = —tt/2. The conditions for
this to occur can be found from eq. (3.18) which, subject to P >> P. (0),J pump 1
P^(0), reads
4“ = A3 + AS^L - 2(u) a) / 2 C P cos0 dz 1 4 o p (3.26)
Requiring a vanishing variation of 9, or a steady growth rate implies that 
for
A3 -ASNL (3.27)
maximum growth rate will be achieved. The phase difference 9 will be locked
at - tt/ 2  for as long as the pump remains undepleted, say, until it loses one
NLper cent of its input level. Note that A3 is a function of the pump 
power.
Is such an initial phase possible spontaneously? In order to answer 
this question let us consider a photon number state [21, chap. 7] which is 
characterized by a given number of photons and an arbitrary phase. Such a 
description suits reasonably well the spontaneous emission. Now we restrict 
the number of photons in such a state to one and consider the spontaneous 
power per unit length as given by (3.20) to be composed of these number states 
emitted spontaneously over the unit length. Thus we end up with having
photons with random phases in the Stokes and anti-Stokes waves. If their 
number is sufficiently large any Stokes photon will find an anti-Stokes 
photon so as to satisfy 9 = -tt/2, regardless of the pump phase.
C o n s e q u e n t l y ,  a l l  s p o n t a n e o u s  p h o t o n s  a r e  a m p l i f i e d  an d  c o n t r i b u t e  t o  t h e  
o u t p u t .
The s o l u t i o n  t o  e q .  ( 3 . 2 4 )  r e p r e s e n t s  t h e  o u t p u t  due  t o  t h e  
a m p l i f i c a t i o n  o f  t h e  s p o n t a n e o u s  power  P ^ ( 0 )  c o l l e c t e d  by t h e  f i b e r  o v e r  one  
u n i t  l e n g t h  w h i c h  i s  g i v e n  by
P, ( z )  = P, (0)  e x p ( g z )  ( 3 . 2 8 )
\  i \
w i t h  k=1 o r  4 .
N o i s e  i s ,  h o w e v e r ,  e m i t t e d  an d  s u b s e q u e n t l y  a m p l i f i e d  t h r o u g h o u t  t h e  
f i b e r .  Thus  t h e  s o l u t i o n  g i v e n  i n  ( 3 . 2 8 )  s h o u l d  be  i n t e g r a t e d  o v e r  t h e  f i b e r  
l e n g t h ,  an d  so  t h e  p o w er  a t  p o s i t i o n  z i s  g i v e n  by
z , v gz
P, ( z )  = P, (0 )  /  d s  e 9 ' ' = P , ( 0 )  L ( 3 . 2 9 )
k k k g
T h i s  r e s u l t  i n d i c a t e s  t h a t  f o r  l a r g e  z t h e  n o i s e  c o l l e c t e d  o v e r  t h e  i n i t i a l  
l e n g t h  o f  1 / g  i s  a m p l i f i e d  an d  d o m i n a t e s  t h e  o u t p u t .  Fo r  s h o r t  f i b e r s  t h e  
e f f e c t i v e  l e n g t h  i s  (1 -  e x p ( - g z )  ) / g .  F o r  g=0,  i . e .  9=0 t h e  e f f e c t i v e
l e n g t h  bec o m e s  e q u a l  t o  t h e  f i b e r  l e n g t h  so  t h a t  t h e  o u t p u t  c o n s i s t s  o n l y  o f  
s p o n t a n e o u s  e m i s s i o n  a s  c a l c u l a t e d  f r o m  ( 3 . 2 0 ) .
As a  n u m e r i c a l  e x a m p l e  we c o n s i d e r  a s t e p - i n d e x  s i l i c a  f i b e r
p o s s e s s i n g  a  3 . 5  urn r a d i u s  an d  a n o r m a l i z e d  f r e q u e n c y  V = 2 . 4 5 .  I f  t h e  pump 
w a v e l e n g t h  i s  1 . 3 2  um t h e  p h a s e - m a t c h i n g ,  i . e . ,  A8 = 0, o c c u r s  f o r  a 
f r e q u e n c y  s h i f t  Av = 1100 cm” 1 w i t h  t h e  S t o k e s  an d  a n t i - S t o k e s  w av es  a t ,  
r e s p e c t i v e l y ,  1 . 5 4  urn an d  1 . 1 5  urn. A t  t h e  l a t t e r  w a v e l e n g t h  t h e  e s t i m a t e d  
n o i s e  p o w er  c o n t a i n e d  i n  a  Aa) = 3 x 1Q13 Hz (AX = 21 nm) b a n d w i d t h  i s
21 uW o r  1 uW/nm f o r  a 10 W pump an d  L = 1 cm i n  ( 3 . 2 0 )
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The s o l i d  a n g l e  ft i n  ( 3 . 2 0 )  o r  ( 3 .A 1 1 )  i s  c a l c u l a t e d  f r o m
2 Vo
ft = ira w i t h  t h e  a n g l e  a = n (2A) ^ [22]  an d  A i s  t h e  r e l a t i v e  d i f f e r e n c e
-3b e t w e e n  t h e  c o r e  an d  c l a d d i n g  i n d i c e s  o f  r e f r a c t i o n .  W i th  A = 4 x 10 t h e
-2
s o l i d  a n g l e  i s  1 . 6 8  x 10 s r .  C o n s i d e r i n g  t h e  power  a b o u t  t h e  s p e c t r u m  p e a k
1 3
a n d  a s s u m i n g  a g a u s s i a n - l i k e  g e n e r a t e d  a n t i - S t o k e s  s p e c t r u m  w i t h  a  3 x 10 Hz 
s p e c t r a l  w i d t h  [5] we e s t i m a t e  f r o m  ( 3 . 2 9 )  a t o t a l  o u t p u t  o f  0 . 6 0  w a t t  f o r  a
10 w a t t s  pump an d  a 30 m l o n g  f i b e r ,  u s i n g  a v a l u e  o f  4 . 2  x 1 0 ~ 15 e s u  ( n 2 =
1.1 x 10 e s u [ 3 ] )  f o r  x* T h i s  v a l u e  f o r  t h e  o u t p u t  p ow er  i s  s i m i l a r  t o  t h e
e x p e r i m e n t a l  v a l u e  r e p o r t e d  by W ash io  e t  a l .  [5] o f  a b o u t  1 w a t t .  N o te  t h a t  
t h e  pump c a n  become d e p l e t e d  when c o m p a r e d  w i t h  t h e  o v e r a l l  c o n v e r s i o n  b u t  
s t i l l  be  c o n s i d e r e d  u n d e p l e t e d  r e l a t i v e  t o  a s p e c t r a l  l i n e  w i t h i n  t h e
g e n e r a t e d  s p e c t r u m .
So f a r ,  i n  o u r  c a l c u l a t i o n s ,  we h a v e  a s s u m ed  a  s i n g l e  s p e c t r a l  l i n e
f o r  t h e  pump.  I f ,  h o w e v e r ,  t h e  pump i s  n o t  m o n o c h r o m a t i c  b u t  i t s  s p e c t r a l
w i d t h  Aw s a t i s f i e s  Aw << w t h e n  e q s .  ( 3 . 1 7 )  a r e  s t i l l  a p p l i c a b l e  a s  t h e
P P P
l i n e a r  p h a s e - m i s m a t c h  i s  p r a c t i c a l l y  u n c h a n g e d  f o r  any two l i n e s  w i t h i n  t h e  
pump s p e c t r u m ,  l o c a t e d  s y m m e t r i c a l l y  a b o u t  t h e  c e n t e r  f r e q u e n c y ,  a t  l e a s t  i n  
t h e  r a n g e  o f  low d i s p e r s i o n .  The pump power  w h ic h  i s  t o  be  t a k e n  now i s  
p r o p o r t i o n a l  t o  t h e  t o t a l  f i e l d  s q u a r e ,  e . g .  p e a k  power  o f  a p u l s e ,  s i n c e  t h e  
e f f e c t  i s  n o n - l i n e a r  i n  t h e  f i e l d .
3 . 3 . 3  The 3 a n d w i d t h  o f  t h e  G e n e r a t e d  L i g h t
The c o n d i t i o n  o f  a s t e a d y  r e l a t i v e  p h a s e ,  9 = - t / 2 ,  g i v e s  t h e  p e a k  
f r e q u e n c y  o f  t h e  S t o k e s  an d  a n t i - S t o k e s  s p e c t r a  a s  d e t e r m i n e d  f r o m  e q .  ( 3 . 2 7 )  
an d  d e p e n d s  on t h e  pump p o w er  t h r o u g h  AßNL. The b a n d w i d t h  o f  t h e s e  s p e c t r a  
i s  b r o u g h t  a b o u t  by o t h e r  v a l u e s  o f  t h e  r e l a t i v e  p h a s e  9 a s s o c i a t e d  w i t h  
s l i g h t l y  d i f f e r e n t  f r e q u e n c i e s  an d  w h i c h  g i v e  r i s e  t o  a  s t e a d y  g r o w t h
P = 150 W
50 W
A  p . t (x 10“3 c m  1 ) tot '
Fig. 3.1 The parametric gain vs the total phase mismatch for a 3.5 urn
_3radius, A = 4 x 10 and 1.32 urn pump. The anti-Stokes
wavelength is 1.15 um.
40 m
A ß tot (* 10~3 c m -1 )
Fig. 3.2 The amplification factor vs total phase-mismatch. Fiber
parameters are the same as in Fig. 1.
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rate. As a result A3 = Aß + Aß^"1 * 0 for vanishing change of 9 intot
(3.26) with 9 * -tt/2. The parametric gain, i.e. eq. (3.25), as a function 
of Aß is illustrated in Fig. 3.1 while Fig. 3.2 shows the amplification
_3
factor exp(gz). A 3.5 urn radius, A = 4 x 10 and a 1.32 urn pump 
wavelength were assumed.
An estimation of the spectral width can be made using the solution
given in (3.28). The gain g corresponding to half-maximum power p
5 0.5
is found from the ratio P /P„ _ = 2, with PM, the peak power. Then, at amax 0.5 max
given point z down the fibre
g0.5
In 0.5------  + gz max (3.30)
where gmax is the gain corresponding to 9 = -tt/2 in (3.25) with d9/dz = 0 
in (3.26) for a steady growth rate. Next, from (3.25) one determines the 
value of ® q 5 tl^e P^ase differences associated with gQ  ^ which is then
substituted in (3.26). After using the approximation
Aß (a) , co1, co) = (Aß ) ' • (co —oo' ) about the phase-matching point Aß = 0, one 
finds for the frequency bandwidth, from (3.26)
NL NL 1AAß (co ' ) - Aß (co ' ) 2 (co ' co" )/2 C P
co1 — co ' = ------- — ------------- + --------- --- -— E. cos9 (3.31)
0.5 (Aß)' (Aß)'
where co' and co' are, respectively, the peak and half-maximum power0.5
frequencies of the Stokes or anti-Stokes waves, (Aß)' is the derivative with
I
respect to co' of the linear phase-mismatch function Aß (co , co , 2co - co ' )
P P
evaluated at the phase-matching condition, i.e., Aß =0. Finally, in
(3.31), co" = 2co - co'.
P
As indicated in (3., 5, and (3., 6) the coefficients C , and C 
. . , J . O' ^kknn'
included in the definition (3.19c) of AfiNL h' °£ AS depend on the fiber profile
through the modal spot size r i-nfVi cok. nother factor affecting these coefficients
iS the chemicai composition of the fiber, which influences the refractive
- d e m a n d  therefore the total phase mismatch. Hence the relative importance
of ABNL in (3.31) should be determined specifically for a given set of fiber
parameters. Analogous to [12] a comparison of ,3.31, with experimental
results requires knowledge of the fiber profile which is often not available.
The particular case of (AS)- = 0 indicates, for A ß = o ,  that
good phase-matching is possible over a broad range of wavelength shifts.
AS shown by ,3.30, and (3.31, there are two ways of reducing the
spectral width of the generated waves, that is, we can increase the fiber
length or use a fiber with a fast variation of the phase-mismatch. These
possibilities have been previously mentioned [12] in the parametric case,
although the derivation was different. Eq. (3.31, contains the dependence of
the spectral width on the fiber length and the linear phase-mismatch in a
multiplicative cosine term unlike eq. 12 of [12]. If one neglects the Kerr
effect, i.e. AßNL, in (3.31, and sets 6 ^ - 0 ,  the eq.(3.31, becomes 
identical to eq. (14) of [12].
3.4 Signal Amplification by Four Wave Mixing
For short fibers only a fraction of the pump power is converted into 
new spectra if these are generated from quantum noise. As the amplification 
is due to stimulated emission a better conversion efficiency can be obtained 
by launching into the fiber small signals at the Stokes and anti-Stokes 
frequencies. In this case, however, different degrees of phase-mismatch may
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occur which will affect the conversion as a function of the input relative
phase. Also, the pump depletion will set a limit on the optimal fiber length.
With the same fiber parameters mentioned above (see Section 3.3.2)
we choose as a basis for comparison a 10 W input pump and 10 mW Stokes and
anti-Stokes signals. The evolution of the conversion process down the fiber
is presented in Fig.3.3 for three values of the phase-mismatch Aß. The
results were obtained by integrating numerically eqs. (3.17) and (3.18) with
-1 5an initial relative phase 9(0) = 0, and x = 4.2 x 10 esu. The
relative magnitudes of the three terms in eq. (18) will decide the direction 
of the energy conversion. From Fig. 3.3 we observe that power is transferred 
from the pump to the sidebands so long as 9 lies in the interval (0, -it ).
z (x 100 m
Fig. 3.3 Power conversion vs distance for 10 mW Stokes and anti-Stokes
NLinput and an initial 10 W pump. Solid line: Aß = -Aß ; dotted
NL NLline: Aß = -1.2 Aß‘ ; and dashed line: Aß = -0.8 Aß
a) relative phase,
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(x 100 m
Fig. 3.3b anti-Stokes power, and
X 100
Fig. 3.3c pump power.
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For A3 = -AS" at the input, the relative phase becomes initially negative
due to the conversion phase, i.e., the last term ’ in eq. (3.18). As the
relative phase approaches -tt/2, its behavior is determined by the total
, NL _ . . . NLphase-mismatch, i.e., A3 = A3 + A3” . And since A3" slightlytot
decreases due to power conversion the relative phase is pushed back by
A3 > 0  as shown by the solid line in Fig. 3.3a. If, initially,
A3 > 0  the conversion efficiency is reduced whereas for AS < o at tot tot
the input the efficiency is increased as depicted in Fig. 3.3b for the anti- 
Stokes wave, and in Fig. 3.3c for the pump wave. The asymmetry between 
positive and negative phase-mismatches, unlike the sine function solution [12] 
of the undepleted pump conversion, results from, respectively, shorter and 
longer delays of the relative phase in the (0, -it) interval near -tt/2. 
If the initial phase is it then the positive phase-mismatch will move the 
relative phase anti-clockwise.
A larger fraction of the pump power is converted if the linear
phase-mismatch cancels less of the nonlinear phase-mismatch as shown by the 
solid line in Fig. 3.4. In this case the relative phase (Fig. 3.4a) stays
longer around - tt/ 2  s o  as to maximize the gain. A too large value of A3  ^
will, eventually, become detrimental. The distance necessary for maximum
conversion is reduced with loss of conversion if the initial relative phase is 
set closer to - tt/ 2  as illustrated by the dotted lines in Fig. 3.4. The 
dashed line in the same figure illustrates a low conversion efficiency for the 
phase matching condition.
In the undepleted pump approximation the phase-matched, i.e., 
A3 = - A3NL four-wave mixing process with maximum gain, i.e., 9(0) = - tt/2
would bring about the most efficient power conversion. However, because of
4 5
z ( x 100 m )
F i g .  3 . 4 Power c o n v e r s i o n  vs d i s t a n c e  f o r 10 mW S t o k e s an d a n t i - S t o k e s
i n p u t an d  an i n i t i a l 1 0 W pump. S o l i d  l i n e : ii
c
n
 
<
3 - 0 . 6  A3NL,
9 ( 0 ) = 0; d o t t e d l i n e :  A3 = - 0 . 8  A3NL, 9 ( 0 )  = - it / 3 ; an d
d a s h e d l i n e : iii
Q
Q
<
3
NL
A3 , 9 ( 0 )  = - t t / 2 .
a)  r e l a t i v e  p h a s e ,
\  \  —
z ( x 100 m )
F i g .  3 . 4 b  a n t i - S t o k e s  p o w e r ,  an d
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t • _
z (x 100 m )
Fig. 3.4c pump power.
the variation of the relative phase this is not the case when all four waves 
are initially present. By contrast, a certain degree of phase-mismatch is 
useful along with a careful choice of the input relative phase.
It is convenient sometimes to launch into the fiber alongside the 
pump only a Stokes or anti-Stokes signal [23] or no signals at all [5]. Such 
cases are illustrated' in Fig. 3.5 for a 70 W pump, a 6 mW Stokes input and a 
0.1 yW anti-Stokes noise input (dashed line) and 0.1 yW Stokes and anti- 
Stokes noises (solid line). In both situations A6 = -A8NL and 9 = -tr/2 as 
found in Section 3.3 for the optimal conditions for the amplification of 
spontaneous emission. The delayed rise in the amplified waves when no signal 
is present is due to a lower stimulation rate, although the maximum conversion 
is the same in both cases, about 60 percent. This, however, cannot be
Fig. 3. Power conversion vs distance for
Solid line: ii (0)s as
P (0) = 6 mW, P (0) = 0.1 yW.s as
a) relative phase,
Aß = -AßNL, 9(0) = -tt/2. 
= 0.1 liW, and dashed 
The input pump power is 70
line:
W.
Fig. 3.5b anti-Stokes power and
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Fig. 3.5c pump power.
improved as the phase-mismatch and the relative phase are set spontaneously. 
An interesting aspect of this case is the slight decrease in the conversion 
efficiency with distance.
It is noteworthy to recall that the phase-matching condition 
NLA3 = -A3 can occur at small frequency separations between the pump and the 
sidebands generated from quantum noise [8]. Once the Stokes and anti-Stokes 
waves have grown strong enough they can serve as pumps for new sidebands 
shifted further away from the pump [23], [24]. In [24] this process was
identified as modulational instability.
3.5 CONCLUSIONS
The nonlinear properties of optical fibers have been the subject of 
numerous theoretical and experimental investigations. However, the topics of 
amplification of spontaneous emission and pump depletion appear to have 
received less attention. This chapter aims at presenting an insight into 
these topics.
We began the analysis with the coupled-wave equations and assumed a 
degenerate pump and no Stokes or anti-Stokes inputs. These quantities grow 
from the spontaneous emissions caused by the pump excitation of the medium. 
An expression for the spontaneously emitted power is given in terms of the 
pump power, the non-linear susceptibility, the effective area of the mode and 
the distance covered by the pump beam. The equations describing the evolution 
of the pump Stokes and anti-Stokes powers are derived, together with the 
variation of the relative phase difference between the waves. ' Requiring 
maximum growth rate results in a - it/ 2 relative phase difference and the 
cancellation of the linear phase-mismatch A3 by the Kerr effect. On the 
basis of a steady growth rate we derive the dependence of the width of the 
generated spectra on the change rate of the phase-mismatch with the frequency- 
shift at A3 = 0.
Next we concerned ourselves with the power conversion between the 
pump and initially present Stokes and anti-Stokes waves. It is found that for 
short fibers a certain degree of phase-mismatch is useful - see the results in 
Figs. 3.3 and 3.4. The degree of conversion is not symmetrical about the 
phase-matching point and also depends on the initial phase difference between 
the waves. The importance of this relative phase has recently been
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demonstrated experimentally [25], In addition, the conversion efficiency is 
the same regardless of whether the process originates from spontaneous 
emission or a small (anti-) Stokes wave is launched alongside the pump. In 
the former case, however, a longer distance is needed so as to compensate for 
the initially reduced stimulation rate of emission.
3.6 APPENDIX
Calculation of Spontaneously Scattered Power
The spontaneous power is related to the transition rate for the 
four-wave mixing process.' This transition rate W is calculated quantum 
mechanically from Fermi's golden rule:
w  =  I?—  I < f I H. I i > I P (3.A1)h 1 1 int* 1 o
where i> represents the initial state of the photon occupancy, with N pump 
photons and no Stokes and anti-Stokes photons, that is:
i> = 0, 0, N >1 P (3.A2)
and <f j is the final state with N^-2 pump photons and one photon in each 
Stokes and anti-Stokes waves,
<f = < N - 2, 1, 1 1 P
(3.A3)
In (3.A1), ti = h/2ir with h the Planck's constant and is the
number of photon states allowed in the energy interval (ho), h(w + da)) ) and 
emitted into a solid angle ft. For one polarization of the wave number 
vector k the number of states is [15]
Po ( 2tt )3 tic3
(3.A4)
with V the volume of interaction
The i n t e r a c t i o n  H a m i l t o n i a n  H^n t  i s  g i v e n  by [ 1 6 ] ,  [17]
H. = x /  E(o) , r )  E (co , r )  E (ai , r )  E (co , r )  d r  i n t  „  s — p — p — a s  — — (3.A5)
w i t h  co^, oo , oo t h e  S t o k e s ,  pump, and a n t i - S t o k e s  a n g u l a r  f r e q u e n c i e s .  The s p as
e l e c t r i c  f i e l d s  a r e  expanded  i n  t e rm s  of  p l a n e  waves n o r m a l i z e d  i n  the  
c o n t i n u o u s  s p e c t r u m  [ 1 6 ] ,  [17]
1 1 v  Vo
/  — (n oo . ) / z  [a (k . ) exp i  ( k . • r  -  co . t )E(co . , r  ) ,3 — 2tt n • ] “ j -j -  3
+ a (k . ) exp - i  (k . • r  -  oo . t ) ] dk .
“ 3 - 3 - 3  “ 3
(3 .A6)
w i t h  a(k_^) and a (k_^) t h e  a n n i h i l a t i o n  and c r e a t i o n  o p e a t o r s  b e l o n g i n g  t o
t h e  i - t h  wave whose wave number i s  k . .
“ 3
S u b s t i t u t i n g  (3.A6) i n t o  (3.A5) and c a r r y i n g  o u t  t h e  volume i n t e g r a l
o v e r  t h e  c r o s s  s e c t i o n  and t h e  l e n g t h ,  r e s u l t s  i n  t h e  momentum c o n s e r v a t i o n
law,  i . e . ,  5 (2k -  k -  k ) ,  and a l o n g  w i t h  t h e  e n e r g y  c o n s e r v a t i o n ,—p —s - a s
6 ( 2oo -  00 -  00 ) ,  w i t h  6 t h e  D i r a c ' s  d e l t a  f u n c t i o n ,  we o b t a i n  f o r  t h e
p s as
r e l e v a n t  t erm o f  t h e  H a m i l t o n i a n  which  c o n n e c t s  t h e  e i g e n s t a t e s  (3 .A2)  and 
(3.A3) t h e  e x p r e s s i o n
i n t
> 2  Vo(n 00 to ) z h ui
X --------- S| - -a-S----------- a + (k ) a + (k ) a (k  ) a ( k„ 2  —s -^as —p —p2tt n n n e r
p s a s
(3 .A7)
and f o r  t h e  m a t r i x  e l e m e n t
co co
< f  H.
s as
2tt n n n p s a s
(3 .A8)
i  > = X
- 1 ) ^after approximating [N (N   ] z = N for the number of pump photons.
]? ]? P
n , n and n are refractive indices, p s as
From (3.A6) we find the relation between the field amplitude E and
.t'
the number of photons [21]
2tt n
—  N  ^  0)2 p P (3.A9)
Thus the power in the fiber is
c 2P = —— n E a p 8tt p p eff 1 6tt ^ n
N a) a __ p p ef f (3.A10)
where is the modal effective area, i.e., iTr^ /2.
Now we can find the power emitted spontaneously within a volume V 
per unit frequency at as
P = W & a) s s ( 3.  A 1 1 )
Combining (3.A1), (3.A4), (3.A8), and (3.A10) in (3.A11) yields
4 2Ü) 0) P
p = X2 ■ as f^i L — ß (erg/sec. Hz)s 3 5 an c eff
(3.A12)
after setting n - n - np s as W eff/2n and V
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4. FREQUENCY DOMAIN ANALYSIS OF SPECTRAL BROADENING
IN NONLINEAR OPTICAL FIBERS
Summary:
An interpretation is given, in the frequency domain, of spectral 
broadening undergone by an optical spectrum propagating down a glass fiber. 
The analysis is carried out by means of the nonlinear coupled-wave equations 
connecting the amplitudes and phases of frequency components within a finite 
optical spectrum. An interplay between the changes of the spectral amplitudes 
and phases is revealed. A dephasing of the spectral components is required 
before the spectral broadening can occur. Such a dephasing may be nonlinearly 
generated. Numerical evaluations of amplitude and phase distributions are 
illustrated for short fibers as well as corresponding pulse shapes. 
Prevention of the spectral broadening and preservation of the initial pulse 
shape is also investigated.
60
4.1 Introduction
It is widely accepted [1], [2] that when an optical pulse propagates
down a single mode fiber nonlinear processes cause its carrier frequency coo
to undergo a local shift (or chirp) 5oo which is proportional to minus the 
time derivative of the pulse shape or intensity i.e., 6oo a - dl(t)/dt. This
process is known as self-phase modulation. As a result, an overall broadening 
of the spectral width is induced.
The physical mechanism underlying the frequency shift 5ui brought
about by the nonlinearity should be related to processes caused by the real
part of the third-order susceptibility x* These are two well known effects
in the frequency domain, [3] i.e., the Kerr effect, or modulation of the
refractive index, and frequency conversion of photons or the ' four-photon
mixing phenomenon. The latter has been recognised [4], [5], [6] as an
alternative description to the self-phase modulation. However, the frequency
shift due to the self-phase modulation indicates that at a given point in
space and time, i.e., at (z,t) only a sideband u) + <5oo is generated whileo
the four-photon mixing couples energy to + 6co as well as - <5o).
The point is that the real part of the third-order susceptibility 
gives rise to both the optical Kerr effect and frequency conversion
processes. While these phenomena are easily distinguishable in the frequency 
domain, they coalesce into a Kerr-like term in the time space [8]. This is 
the nonlinear term of the nonlinear Schrödinger equation. Thus the only way 
to explain spectral broadening in the time space is to allow the carrier
frequency shift according to the time derivative of the nonlinearly induced
phase
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Here we investigate the process of spectral broadening by pursuing 
the same course outlined in Ref. [8], whereby the evolutions of the amplitude 
and phase of a spectral line within the spectrum are determined from the 
coupled-wave equations [9] connecting the frequency components rather than
Fourier transforming [2] the pulse envelope whose behavior is governed by the 
non-linear Schrödinger equation. Another approach [11], [12] consists of
introducing the nonlinear effects in the time domain and the linear dispersion 
in the frequency domain, the two domains being connected by Fourier 
transforms..
By investigating the interdependence between the amplitudes and
phases of the spectral lines the results outlined here go beyond the solutions 
presented in Refs. [5] and [9], where only changes in the power spectra were 
treated in terms of a double convolution of the radiation field
distribution. Knowledge of the amplitude and phase distributions can be 
useful in the synthesis of optical pulses [13].
The coupled-wave equations governing the spectral broadening are
presented in Section 4.2. Rather than having the pulse shape affect the
generation of new frequencies [2], the spectrum broadens through four-photon 
mixing processes between its spectral lines and a wide bandwidth may give rise 
to steep pulse edges [14] when combined with a wide phase distribution. By
properly taking into account the amplification of the spontaneously emitted
power in the outer wings of the spectrum we find out that a dispersive phase 
distribution develops. This, in turn, triggers coupling of power from the 
centre of the spectrum to its lateral sides. If, on the other hand, an 
assymetric phase distribution exists initially, then an assymetrical 
broadening of the spectrum is generated. Examples of amplitude and phase 
distributions are illustrated in Section 4.3.
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Next, in Section 4.4 pulse shapes corresponding to various spectral 
distributions are evaluated using the results obtained in Section 4.3 in the 
frequency domain. In section 4.5 we discuss the possibility of preventing 
nonlinear modifications of both the amplitude and phase spectra and, thereby, 
preserving the input pulse shape. This can be achieved at low powers (< 1 W) 
by balancing the nonlinearly generated phase distribution with a linearly 
dispersive phase distribution. Finally, conclusions are summarized in Section 
4.6.
4.2 SPECTRAL BROADENING
4.2.1 The Amplitude and Phase Variations of the Spectral Components
The elementary component used in the description of an
electromagnetic field is the monochromatic wave which is characterized by an
angular frequency ai, a propagation constant 0  ( t o ), and an amplitude
E (x,y,z,a)). A superposition of such monochromatic waves yields a pulse o
whose electric field E (z,t) has the form
P
E (z , t ) = ( 1/2 P
x / dm 
0
E (x,y,z,co) o
i (wt-0 (u))z ) e + c.c. (4.1 )
with x a unit vector, and c.c. denotes complex conjugate.
For our case of interest, i.e., pulse propagation in single mode 
fibers, the amplitude Eq consists of a transverse distribution £ (x,y,u)) and 
a longitudinally varying coefficient a(z,w). Thus,
E (x,y,z,m) = a (z ,o)) e (x,y,u>) o o (4.2)
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When the spectral bandwidth Ao) is narrow enough, namely, A03 << co , whereo
03 is the center or carrier frequency, one can set e (x,y,0 3 ) = e (x,y).° o o
In addition, £Q (x,y) is normalized according to (2.28) so that the power
I I 2carried by each spectral component is given by a(z,0 3 ) .
The variation of a(z,o)) caused by nonlinear effects is described 
by the following coupled-wave equation [9], [15], obtained from eq. (3.3) 
after substituting in it eq. (2.9).
S’a(z'V -ioj _NL ///o do)4 a(o32) a 3 ) (03 )X 4
- i A 6 2341Z
X 5 (03 + 0) - 03 - 03 ) ( 4.3 )2 3 1 4
with AS--.. = S (o) ) + S (oj ) - S (03 ) - S(o3 ), CNL = 24iTx/(cnr )2, x being Z J 4 I Z J 4 I O
the parallel component of the third-order susceptability, c the velocity of
light in vacuum, n the refractive index of the fiber at the center frequency
03 and r the spot size of fundamental mode in the gaussian approximation o o
[16] as in eq. (3.6). In (4.3) the asterisk denotes the complex conjugate 
while 5 is Dirac's delta function. A common degeneracy factor [9], [17] of
3 is included in CNL.
In order to find the behaviour of the amplitude p (z ,oj) and phase 
4> (z , 03), we set
a (z ,03) P (z ,03 ) -i(J> ( Z , 03 )e (4.4)
Substitution of (4.4) in (4.3) and separation between the real and imaginary
oarts yields, for a bandwidth Ao3 << o) , the relationso
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NL
—<jtJ C / / /  dco„ dco„ 
°  0 2 3
dm p (co ) p (co ) p (co ) s inQ 
4 2 3 4  2341 x
x  5 (co + 0 ) -  co -  to )
2 3 1 4 ( 4 . 5 a )
and
—  (j) ( cü 
dz 1
NL
0  P ( cd 1 ) f f f  do>2 da>3 dw4 p(o>2 ) p (oj3 ) p(a>4 ) c o s 9 2 3 41
x 5 (a> + co -  co -  ( 0  )
2 3 1 4 ( 4 . 5 b )
w i t h
9 2 3 4 1  = [ 3 ( ü>2 ) + 0 (a»3 ) -  0 (ai4 ) -  0 (ai ) ] z  +
+ <J> (io ) + (J> (a) ) -  <p (to ) -  4> ((o )
2 3 4 1
E x p a n d i n g  a r o u n d  co = co
o
3 (co) -  3 + S ' • (co -  to ) + 3 "  • (co -  co )2 / 2
o o o o o
( 4 . 6 a )
( 4 . 6 b )
and r e q u i r i n g  co + co -  co -  co = 0 t h e  v a r i a t i o n  o f  t h e  r e l a t i v e  p h a s e  f r o m  
2 3 4 4
( 4 . 6 a )  becomes
2341 Sö /2 ’ (U)2 + w 3 -  w 4 -  ^  )2 +
+ —  [<fr(<0.) + -  <j> (co ) -  cf> (co ) ]dz 2 3 1
( 4 . 6 c )
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In (4.6b) 3^ is the second derivative of 3 with respect to u)
evaluated at The contributions to the phase modulation in (4.5b) come
from the Kerr effect, accounted for by terms with 9 = 0 for z' and
from the conversion terms with 92341 * °* The spectral amplitudes and 
phases are modified according to equations (4.5a) and (4.5b) which display no 
time dependence since the temporal variation exp(iuit) is eliminated, 
through Dirac's delta of (4.3), from the coupled-wave equations by the 
requirement of energy conservation in all four-photon conversions. That is, 
any spectral line will suffer the same variation after a given distance z, 
regardless of the time when any of its wave fronts entered the fiber.
After calculating the amplitude and phase distributions we determine 
the pulse shape from (4.1), which can be rewritten, with the help of (4.4) and 
(4.6b), as
E (z,t) = ( V? ) exp i (a) t - 3(d) )z) E(z,t) e (x,y) + c.c. (4.7)p  ^ o o o
with the envelope field
00 i[(d)-ü) )(t-3'z) — 4> (Z, dJ ) -3" * (d)-d) )2z]
E (z , t) = / dd) p (z, d)) e
0
(4.8)
Next, in order to gain further insight into the nonlinear mechanisms 
of spectral variations we need to solve the coupled-wave equations.
6 6
4 . 2 . 2  N u m e r i c a l  E v a l u a t i o n  o f  t h e  S p e c t ru m  B e h a v i o u r
The n u m e r i c a l  s o l u t i o n  o f  e q s .  ( 4 . 5 )  i s  i n i t i a t e d  w i t h  a g a u s s i a n  
d i s t r i b u t i o n  f o r  t h e  a m p l i t u d e  c o e f f i c i e n t ,  t h a t  i s ,
P (w ) 2 2e x p [  — (co —oj ) /  (Am ) ] ( 4 . 9 )
wi _n Au) h a l ^  t h e  s p e c t r a l  b a n d w id th  and  Aq t h e  p e a k  a m p l i t u d e .  I t  i s  
c o n v e n i e n t  t o  r e l a t e  Aq t o  t h e  p e a k  p u l s e  pow er t h r o u g h  t h e  r e l a t i o n  [8]
A
o j —  U P  ) ^  Aw p
( e r g / s e c ) 
Hz
V2
( 4 . 1 0 )
I n  a d d i t i o n ,  we a ssu m e  a t  t h e  i n p u t  a  v a n i s h i n g  p h a s e ,  i . e . ,
<j>(w) = 0 .  F u r t h e r m o r e ,  t h e  s m a l l e s t  v a l u e  o f  p (to) i s  n o t  d e t e r m i n e d  f r o m
( 4 . 9 )  b u t  f r o m t h e  s p o n t a n e o u s l y  e m i t t e d  p o w er  P . An e x p r e s s i o n  f o r  t h i ssp
q u a n t i t y  h a s  b e e n  p r e s e n t e d  i n  S e c t i o n  3 . 3 . 1 .  The r e s u l t  r e a d s
Ps p ( u> )
1/o 2 5 >
^ 2- A-(- - -  < (—) i  l  p 23 c A p
, e r g / s e c ,
(— rf------- )Hz ( 4 . 1 1 )
w i t h  = h /2 i r ,  h b e i n g  P l a n c k ' s  c o n s t a n t  A = i r r 2 /  2 and  A t h e  r e l a t i v e
o
i n d e x  d i f f e r e n c e  b e tw e e n  t h e  c o r e  and  t h e  c l a d d i n g .  The s o l i d  a n g l e  s u b t e n d e d
1 hby t h e  f i b e r  f o r  t o t a l  i n t e r n a l  r e f l e c t i o n  i s  tt ( 2A) /z. The a d d e d
s p o n t a n e o u s  n o i s e  i s  n e g l e c t e d  a f t e r  a d i s t a n c e  L = 2 cm. A l a r g e r  am o u n t  o f  
n o i s e  s h o u l d  n o t  c h a n g e  t h e  q u a l i t a t i v e  f e a t u r e s  o f  t h e  m odel b u t  o n l y  
q u a n t i t a t i v e  o n es  by s t i m u l a t i n g  a  s t r o n g e r  c o n v e r s i o n  p o w e r .
In  t h e  a b s e n c e  o f  t h e  b a c k g r o u n d  n o i s e  t h e  n u m e r i c a l  m ode l  w o u ld
r e s u l t  i n  an  e x p o n e n t i a l  f a l l - o f f  o f  t h e  s p e c t r a l  a m p l i t u d e s  i n  t h e  o u t e r
w i n g s  w h i c h  i n  t u r n  c a u s e s  t h e  c o r r e s p o n d i n g  s p e c t r a l  p h a s e s  t o  s h o o t  up s i n c e
t h e i r  n o n l i n e a r  c h a n g e  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e i r  a m p l i t u d e s  a s  
i n d i c a t e d  by e q .  ( 4 . 5 b ) .  In  a d d i t i o n ,  t h e  p h a s e  s p e c t r u m  w ou ld  d e v e l o p  i n t o  a 
m u l t i p l y  b r o k e n  d i s t r i b u t i o n .
N o te  t h a t  p (u)) i s  g i v e n ,  f r o m  ( 4 . 1 0 ) ,  i n  u n i t s  o f  ( e r g / s e c ) ^2 / H z , 
i . e . ,  f i e l d  p e r  f r e q u e n c y  u n i t ,  w h e r e a s  t h e  a m p l i t u d e  r e l a t e d  t o  t h e  
s p o n t a n e o u s  p o w er  i n  ( 4 . 1 1 )  h a s  u n i t s  o f  ( e r g / s e c ) / 2 /  Hz7^  . Hence i n  o r d e r  t o  
make t h e  l a t t e r  c o m p a t i b l e  w i t h  t h e  f o r m e r  we e v a l u a t e  t h e  n o i s e  f i e l d  d e n s i t y
p (to) f r o m  t h e  q u a n t i t y  P /Ato e q u i v a l e n t  t o  t h e  e n e r g y  e m i t t e d  
s p  s p
s p o n t a n e o u s l y  o v e r  a t i m e  p e r i o d  A t  = 1/Ato. Fo r  i n s t a n c e ,  a p u l s e  p e a k
p o w er  o f  10 W r e s u l t s  f o r  a 3 urn r a d i u s  an d  A = 0 . 0 0 3 ,  i n  p ^  = 5 x 10
-7
w h i l e  A = 4 x 1 0  w i t h  t h e  c e n t e r  w a v e l e n g t h  a t  1 pm. F o r  t h e  n o n l i n e a r  
o
-1 5s u s c e p t i b i l i t y  we u s e d  x = 5 . 7 0  x 10 e s u  ( c o r r e s p o n d i n g  t o  n 2 = 1 . 4 5  x 
10 12 e s u ) [ 1 9 ] .
(LJ -  0Jo ) /  AUJ
F i g .  4 .1  S p e c t r a l  p h a s e  d i s t r i b u t i o n s  f o r  a 10 W i n p u t  a n d ,  i n  i n c r e a s i n g  
o r d e r  o f  d a s h e d  l i n e s ,  33 cm, 59 cm, and 84 cm. The s o l i d  l i n e  
s h o w s ,  f o r  c o m p a r i s o n ,  t h e  p h a s e  d i s t r i b u t i o n  0 " (o> —t o^) L w i t h
8"  = 9 x  10 28 s e c ^ / c m  (~ 70 p s e c / k m )  anc  ^ ^ ~ cm*
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The structure of the equation (4.5a) indicates that a dephasing of 
the frequencies must take place or be present before a transfer of power 
between them can occur, i.e. 9 2341 ' initially, zero and hence
dp/dz = 0. The linear contribution to the relative phase difference 02341
2is made from (4.6b) by the quadratic factors in uj i.e. 3" oo /2 with i =o i
1,2,3,4, since the terms linear in oj cancel out due to the energy
conservation, which gives the 6 functions in (4.5).
As shown by equation (4.5b) the nonlinear contribution to phase 
change is inversely proportional to its amplitude and directly related to the 
cosine of the relative phase between the four waves involved. As illustrated 
in Fig.4.1 the spectral distribution of the phase <p (co) has, in the first 
stages, a maximum for values of oi at which the phase change rate is moderate 
so that the contributions made by the cosine terms add mostly in phase or with 
postive signs for a given distance. In the outer parts of the spectrum this 
phase maximum turns into a discontinuity as illustrated in Fig. 4.2a. Once a 
phase difference between the center and side frequencies has been induced, 
equation (4.5a) reveals that power is transferred from the spectral components 
with lower phases <j> (<d ) to those with higher phases as illustrated in
Fig. 4.2b. We remark from Fig. 4.1 that for the parameters used here, even a 
linear dispersion of 9 x 10 sec /cm (or 70 psec/(nm.km) ) contributes 
little to the phase.
The phases of the side frequencies display a rapid modulation at the 
beginning but their variation moderates as the amplitudes grow through power
coupling from the center as shown in Fig. 4.3a. In turn, the phases of the
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(LJ - LJQ )/ A LJ
Fig. 4.2a) Phase distributions corresponding, in increasing order, to 109 cm 
200 cm, and 280 cm.
(CJ - LJ0 )/ A LJ
Fig. 4.2b) Field amplitude distributions p ( t o) corresponding, in decreasing 
order of the centre amplitude, to 0 cm, 109 cm, 200 cm, and 280
cm
7 0
Fig. 4.3a) Phase distributions at, in increasing order, 360 cm, 477 cm and 
577 cm.
(LJ - CJQ )/ ACJ
Fig. 4.3b) Field amplitude distributions p ( t o) at 0 cm (solid line), 360 cm 
(short-dashed line), and 577 cm (long-dashed line).
Fig.
Fig.
Fig.
7 1
4.4a)
4.4b)
L- -  -
(GJ - GJq)/ AGO
4.4 Spectral field 
line), 100 cm
distributions
(short-dashed line), and
at
285 cm
0 cm (solid 
(long-dashed
line): a) phase distributions b) amplitude distributions p(w).
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central frequencies acquire a high rate of change as their amplitudes 
diminish. Eventually, as shown in Figs. 4.3a and b, at 360 cm, the central 
phases level out while a dip appears in the amplitude spectrum flanked by two 
new side peaks. The central phases continue to grow stronger than the side 
phases due to their lower amplitudes which start increasing in magnitude by 
taking in energy from the lateral peaks. Simultaneously these peaks give off 
power to external frequencies as well. This spectral evolution is similar to 
the experimental results of Ref. [10].
In the long run, power would spread over an increasingly wide 
bandwidth with continuously reducing amplitudes through coupling between 
adjacent sections in the spectrum range. As the amplitudes decrease, the 
change rate of the phases is enhanced with the result of a reduced difference 
between the peaks and dips of the amplitude and phase distributions.
In our numerical example a spectral broadening by a factor of 6 
appears at the end of a 6 meter long fiber for a 10 W pulse peak at the 
input. Bearing in mind that a trade off between the pulse power and the fiber 
length characterizes the nonlinear broadening, these results seem compatible 
with an experimentally [20] determined broadening factor of 50 for 1 W power 
input and 150 m fiber.
Let us assume now that the input phase distribution is assymetric as 
illustrated by the solid line in Fig. 4.4a. In this case the broadening of 
the amplitude spectrum becomes apparent over shorter distances, as seen in 
Fig.4.4b, due to the initially dephased spectral components. Both the 
amplitude and phase spectra exhibit assymetric configurations.
4.2.3 Pulse Shaping
Different input conditions and fiber parameters can result in a 
variety of amplitude and phase distributions which in turn combine to form a 
large range of pulse envelopes. While a wider spectrum acts to narrow the 
pulse, a broad range of phase values will lead to the opposite result by 
preventing in-phase addition of the spectral components.
The degree and direction of the pulse shaping depend on the combined 
effects of the amplitude and phase spreadings. The relatively stronger 
variation of the phase spectrum at the beginning illustrated in Fig. 4.1 will 
result in an overall broadening of the pulse which is shown in Fig. 4.5a after 
80 cm. If the dispersive phase is, however, eliminated, by passing the
spectrum through a grating [2], say, the corresponding Fourier limited pulse 
would resemble that of Fig. 4.5b. The pulse shape emerging from a 360 cm long 
fiber is illustrated in Fig. 4.6a by the solid line. This shape is almost 
undistinguishable from the input pulse depicted by the dashed line. In the 
absence of the dispersive phase the pulse would have shrunk as shown in Fig. 
4.6b.
Further down the fiber at 577 cm an undulatory pulse shape appears 
as illustrated in Fig. 4.7a. The spectral broadening would have further
narrowed the pulse if the phase distribution had been uniform, as shown in 
Fig. 4.7b.
The pulse shapes corresponding to the assymetric distributions of 
Fig. 4.4 are illustrated in Fig. 4.8. Again, for the short distance of 285 cm 
the opposite effects of narrowing and broadening of, respectively, amplitude 
and phase variations offset each other so that the pulse shape at this
distance is almost identical to that of the input.
-4 -2 0 2 4
t ( x 10 psec  )
Fig. 4.5a)
Fig. 4.5b)
t ( x 10 p s e c )
Fig. 4.5 a) Calculated pulse shapes corresponding to the input 
(solid line) and at 84 cm (dashed line) from Fig. 4.1. 
b) Fourier limited pulse shape at 84 cm, normalized to
spectrum
the input
peak (solid line), and input pulse (dashed line).
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t ( x 10 p s e c )
Fig. 4.6a)
Fig. 4.6b)
t ( x 10 psec  )
Fig. 4.6 a) Calculated pulse shapes corresponding to the input spectrum
(solid line) and at 360 cm (dashed line) from Figs. 4.3a and 4.3b.
b) Fourier limited pulse shape at 360 cm, normalized to the input 
peak .
t ( x 10 p s e c )
F i g .  4 . 7 a )
F i g .  4 . 7 b )
t ( x 10 p s e c )
F i g .  4 .7  a)  C a l c u l a t e d  p u l s e  s h a p e s  c o r r e s p o n d i n g  t o  t h e  i n p u t  s p e c t r u m  
( s o l i d  l i n e )  and a t  577 cm ( d as h e d  l i n e )  f rom F i g s .  4 . 3 a  and 4 . 3 b .  
b) F o u r i e r  l i m i t e d  p u l s e  sha pe  a t  577 cm, n o r m a l i z e d  t o  t h e  i n p u t
peak
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t ( x 10 p s e c )
Fig. 4.8a)
Fig. 4.8b)
t ( x 10 p s e c )
Fig. 4.8 a) Calculated pulse shapes corresponding to the input spectrum 
(solid line) and at 285 cm (dashed line) of Fig. 4.4, normalized 
to the Fourier limited input peak.
b) Fourier limited pulse shape at 285 cm, normalized to the input
peak.
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4.3 PULSE SHAPE PRESERVATION IN NONLINEAR OPTICAL FIBERS
Transmission of pulses down an optical fiber constitutes a major 
means of conveying information from one end of the fibre to the other. 
However, since a pulse.is generated by superposing a broad range of spectral 
components, the dispersive medium of the fibre could lead, over long 
distances, to dephasing of the spectral components. This will manifest itself 
in broadening of the pulse duration as well as possible deformation of its 
temporal distribution
In order to overcome these penalties several solutions have been 
developed [21]. For example, fibers with advanced refractive index profile 
have been fabricated so as to reduce the degree of dispersion. In this way, 
the zero-dispersion wavelength can be shifted from the vicity of 1.32 urn up 
to the neighbourhood of 1.55 um. Another method consists of generating very 
narrow spectral distributions by means of, e.g., distributed feedback lasers,
■I
and have short pulses given rise to through electrical modulation of the 
semiconductor laser.
A different approach to overcoming the dispersion involved the 
optical nonlinearity of the fibre [22], [23], and was analysed by means of the
nonlinear Schrödinger equation.
The approach outlined here deals with the spectral components 
forming the pulse, unlike the analyses carried out in the time domain by 
applying the nonlinear Schrödinger equation to the field envelope. The two 
approaches are mathematically equivalent (see Appendix 4.1), though the 
physical pictures emerging from them are different.
From the frequency domain we learn that the fundamental soliton 
preserves its temporal shape and width by having the linear dispersion
cancelled through the nonlinear contributions to the phases with no 
modification of the power spectrum. This is in line with experimental results 
[24], [25], [26].
By contrast, the nonlinear Schrödinger equation was interpreted by
assuming [24], [25], [26] generation of higher frequencies in the trailing
part of the pulse and lower frequencies in its leading part. Because of the
negative dispersion the higher frequencies catch up with the lower ones and,
thereby, compensate for the dispersive broadening.
In the frequency space the idea consists of identifying nonlinear
contributions to the spectral phases which display, in the linear case, a
quadratic dependence on the frequency, i.e., S" (w-w )2 (see eq. 4.8). Theo o
nonlinearly induced phase under optimal conditions, may cancel, totally or 
partially, the linear dispersion. The former turns out to be the case of a 
hyperbolic secant distribution, while the latter, for example, can be obtained 
with a gaussian distribution.
4.3.1 The Hyperbolic Secant Pulse
In Section 4.2 the differential equations governing the behaviour of 
the amplitudes and phases of the spectral components of a continuum, were 
derived. As indicated previously, a dephasing of the spectral lines is 
necessary before coupling of power between the frequencies can take place. 
So, if the spectral phases (a)) are initially set equal in eqs. (4.5a) and 
(4.5b), then only they may change with no change of the spectral amplitudes 
P (u> ).
The problem becomes one of finding a distribution p(oi) such that
the phases, too, will remain unmodified for any distance. This can be done by
8 0
s o l v i n g  [8] t h e  d i f f e r e n t i a l  e q u a t i o n  ( 4 . 3 )  o r  by s u b s t i t u t i n g  d i f f e r e n t  
s p e c t r a l  d i s t r i b u t i o n s  and c h e c k i n g  t h e  r e s u l t s .  As one c o u l d  a n t i c i p a t e ,  due  
t o  p r e v i o u s  t h e o r e t i c a l  an d  e x p e r i m e n t a l  r e s u l t s ,  s u c h  an  o p t i m a l  s p e c t r a l  
d i s t r i b u t i o n  i s  g i v e n  by
p (ai) = A s e c h  [ (a) — ui ) /Aw ] ( 4 . 1 2 )
o o
w i t h  Aq t h e  p e a k  a m p l i t u d e  o f  t h e  s p e c t r a l  f i e l d ,  an d  Aw h a l f  t h e
b a n d w i d t h .  Upon i n s e r t i o n  o f  t h i s  d i s t r i b u t i o n  i n  e q .  ( 4 . 5 b )  we o b t a i n ,  w i t h  
4> (w) = c o n s t a n t ,  an d  t h e  h e l p  o f  t a b l e d  F o u r i e r  t r a n s f o r m s  [ 2 7 ] ,  t h e  
f o l l o w i n g  e x p r e s s i o n  f o r  t h e  t o t a l  v a r i a t i o n  o f  t h e  s p e c t r a l  p h a s e
~ ( w  ) = 0 . 5  8 " (w-w )2 + w (— ---- )2 A2 (w-w )2 + Aw /  4 ( 4 . 1 3 )
dz o o  o c r n i r o oo
R e q u i r i n g  t h i s  v a r i a t i o n  t o  become f r e q u e n c y  i n d e p e n d e n t ,  one  g e t s  f o r  t h e  
p e a k  p u l s e  pow er
P = (Aw'A )2 /  4 ( 4 . 1 4 )
t h e  e x p r e s s i o n
P =
- 0 . 5  ß " TT ( c r  n ) 2 (Aw )2
_______ o______ o___________
48»w x ( e r g / s e c )
( 4 . 1 5 )
S i n c e  t h e  pow er  c a n  t a k e  on o n l y  p o s i t i v e  v a l u e s ,  i t  i m p l i e s  t h a t
t h e  d i s p e r s i o n ,  i . e . ,  8"  h a s  t o  be  n e g a t i v e .
o
We h a v e  f o u n d  i n  t h i s  manner  t h a t  t h e  h y p e r b o l i c  s e c a n t  d i s t r i b u t i o n
c a n  p r o p a g a t e  down t h e  f i b e r  w i t h  no v a r i a t i o n  i n  e i t h e r  t h e  s p e c t r a l
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amplitudes or spectral phases. Consequently, the pulse, obtained by Fourier-
transforming the spectrum, travels unchanged along the fiber. This as the 
case of the fundamental soliton.
Let us consider the experimental example presented in [26], When
the values given an this reference are transformed to c.g.s. units, i.e.,
3q - -1.3 x 10 sec2/cm, rQ = 3.45 x 1 o'4 cm corresponding to
V - 2.19 at 1.55 urn wavelength for a step-index fibre with a core diameter
8 urn and x = 4.2 x 10 " e.s.u., we calculate a value of p = 0.65 w for
7 psec (full width at half-maximum) pulse comparable with the experimental
0.6 W.
4.3.2 Failure of Optimal Dispersion Cancellation
So far we have neglected the detrimental role played by the fiber
loss in the process of dispersion cancellation. This can be introduced in our
model by multiplying the peak power with an exponentially decaying factor,
exp (-O.Z), with a the loss coefficient. This will lead to a deviation from
the optimal power given in (4.15). However, if this power discrepancy is not
too large and/or the distance travelled by the pulse is not too long, then the
accumulated phase * to) will still be small enough for cos0 = ^ in
2341 in
(4.5b). Thus the effective dispersion 8*ff can be obtained from (4.13) to 
read
ß:£f(z) -0.5 3"o NLTT (Aw )z P e (4.16)
with
NLC wo o
3X (4.17)
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Fig.
Fig.
(OJ - LJ0 )/ Atb
4.9a) The hyperbolic secant (sech' distribution.
IO / I________ !________ 1________ I________ L
°  -4 -2 0 2 4
(lj - cj0 )/ A U
4.9b) The dispersive propagation constant, 8 "  • (a) - goeff o
*"28 11 8^ = 1.8 x 10 sec2/cm, and Acu = 10 Hz, for three
(p) of the optimal product xp« Long-dashed line: p =
case; solid line: p = 0.9, and short-dashed line: p =
)2 with 
fractions 
0, linear
. 1 .
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(LJ - LJq )/ A LJ
Fig. 4.10a) The gaussian distribution.
(LJ - LJ0 )/ A LJ
Fig. 4.10b) The dispersive propagation constant 8" • (U)-<D )2o o for a gaussian
spectrum, 8"o
-28 o= 1.8 x 10 sec^/cm, and A co = lO^Hz. Long-
dashed line: p = 0; short-dashed line: P = 0.4, and solid
p = eline: p = 0, with ~ a z  in eq (4.16)
8 4
W r i t i n g  ( 4 .1 3 )  i n  t e rm s  o f  3^.^. and i n t e g r a t i n g  o v e r  d i s t a n c e  y i e l d s
z
<j>(o),z) = ( /  8 __ d z ' ) • (oj-oi )2 + Aü)«z /  4 ( 4 . 1 8 )e f  f  oo
In  t h e  l i n e a r  c a s e ,  o v e r  a g i v e n  d i s t a n c e  a s u b s t a n t i a l  s h o r t c o m i n g
of  a s e c h  p u l s e  i s  i t s  w i d e l y  s p r e a d  s p e c t r u m  ( se e  F i g .  4 . 9 a )  which  s t r e t c h e s
o v e r  a f r e q u e n c y  r a n g e  more t h a n  d o u b le  t h a t  of  a g a u s s i a n  d i s t r i b u t i o n  ( see
F i g .  4 . 1 0 a ) .  C o n s e q u e n t l y ,  t h e  d i s p e r s i v e  p h a s e s  o f  a s e c h  d i s t r i b u t i o n  show
a b r o a d e r  r a n g e  o f  v a r i a t i o n  as  i l l u s t r a t e d  i n  F i g .  4 .9 b  where t h e  q u a n t i t y
8 ” (a) —oj. )2 i s  p l o t t e d  as  a f u n c t i o n  o f  n o r m a l i z e d  f r e q u e n c y ,  f o r
e f  f  o
—  2 8  118" = - 1 . 8  x 10 s e c 2 /cm (o r  14 psec/ (km*nm)  ) ,  Aio = 10 Hz and f o r
o
d i f f e r e n t  f r a c t i o n s  p of  t h e  o p t i m a l  p r o d u c t  of  x p which c a n c e l s  t h e
d i s p e r s i o n .
The wide f r e q u e n c y  r a n g e  o f  t h e  h y p e r b o l i c  s e c a n t  d i s t r i b u t i o n  w i l l  
r e s u l t  i n  a s t r o n g  b r o a d e n i n g  o f  t h e  p u l s e  i f  t h e  n o n l i n e a r  c o n t r i b u t i o n s  t o  
t h e  s p e c t r a l  p h a s e s  f a i l  t o  match t h e  l i n e a r  d i s p e r s i o n ,  w i t h  n o n - o p t i m a l  
v a l u e s  of  t h e  power ,  a n d / o r  t h e  n o n l i n e a r  s u s c e p t i b i l i t y  X«
The t e m p o r a l  b r o a d e n i n g  of  t h e  p u l s e  can  be d e s c r i b e d  i n  t e r m s  o f  
t h e  v a r i a n c e  i  o f  t h e  t e m p o r a l  d i s t r i b u t i o n  o f  t h e  e n e r g y ,  i . e . ,
00
T2 = /  t 2 | E ( t ) | 2 d t  ( 4 . 1 9 )
—ÜO
w i t h  E ( t )  t h e  p u l s e  f i e l d  e n v e l o p e .  By making use  o f  t h e  d e r i v a t i v e  theo re m
of  t h e  F o u r i e r  t r a n s f o r m  and t h e  P a r s e v a l  t h e o r e m ,  one o b t a i n s  f o r  x i n
te rm s  o f  t h e  a m p l i t u d e  s p e c t r u m  A ( cd ) = p(co) /A^,  n o r m a l i z e d  so  t h a t
00
/  do A2 (to) = 1, and t h e  Ph a s e  s p e c t r u m   ^ (üJ} t h a t
35
T2 1_2ir [(^•idoo + A2(|i)2]da) (4.20)
By means of tabled integrals [28] and upon substitution of (4.12)
and (4.20) in eq. (4.19) one derives the ratio of the broadened temporal width
T of the pulse to the initial value r aso
(— )2 = -I + (d^_)2 (4.21 )
T TTT2^O O
where
1 “Ctzb = -0.5 3 " (1 - p * — — ---- ) z (4.22)o az
with p the input fraction of the optimal power as given in (4.15).
The validity of eq. (4.21) is, however, restricted to cases where
the phase difference between the central frequency go and the lateralo
frequencies, say g o^  ± 5 A go (see Fig. 4.9), is too small to initiate a 
redistribution of the power spectrum, as described by eq. (4.5). For a step- 
index fiber operating at 1.55 urn wavelength with A go = 10' Hz, a dispersion
. -28 o3^ = -1.8 x 10 sec^/cm, and a loss coefficient a = 0.1 dB/km, the phase
difference becomes 4> (go ± 5 A go ) - <j> (oo ) - 0.1 rad after about 2 km if theo o
input power is optimal, i.e., p = 1 in (4.22). Under these conditions b << 1, 
that is, the pulse width varies by less than 1%. The distance of no pulse 
change can be extended to 3.6 km if the input power is 3 percent above the
optimal power, so that the absorption process will require a longer distance
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to substantially fail the dispersion cancellation. An attempt to increase the
validity range of eq. (4.21), that is, maintain the maximum phase, difference
9 2 3 4 1  <<: 1' may not prove efficient, as a reduction of the dispersion in
(4.6b) would require a particular index profile of the fiber core, while a
narrower spectral bandwidth will generate longer pulses (> 10 psec).
The use of a gaussian pulse with the same temporal width as a sech
pulse will not bring about better results despite its faster fall-off of its
spectrum (see Fig. 4.10a). The reason for this can be seen in Fig. 4.10b
which indicates strong variations, for the off-centre frequencies, of 8 ,ef f
given by
( J Ü - 0 )
—  (-------— )
8" = -0.5 ß"(ü)-ü> )2 + “A t cNL p e3 Aüj e ^ Z (4.23)eff o o 3 y2 g
with the power necessary to have the quadratic term in (co —oj ) of they o
Taylor expansion of the exponent, cancel the dispersive term. The higher 
order terms of the expansion offset any advantage the narrower spread of 
frequencies may present.
4.5 CONCLUSIONS
In this Chapter the spectral broadening of a pulse propagating in an 
optically nonlinear fibre was analysed by applying the nonlinear coupled-wave 
equations to the spectral components constituting the pulse.
The treatment in the frequency space reveals that the spectral 
broadening occurring through four-wave mixing of the spectral components 
initiates itself by first generating a dispersive phase, symmetrical about the
centre frequency. For high powers this phase distribution is large enough so
that for short fibres even a very high dispersion of 70 psecAm.nm has a
negligible role in the broadening process. This fact practically obviates the
need for a positive high dispersion in order to enhance the broadening
efficiency [2], and explains qualitatively the strong broadening over a 15 ton, 
long fibre of reference [29],
In addition, the modelling of the spectral broadening in the
frequency space does not associate generation of lower frequencies with the
leading part of the pulse and higher frequencies with its trailing part [2].
The pulse shape is obtained by superposition (or Fourier transform) of the
complex spectral distribution.
At low powers the nonlinear phase distribution is small enough to 
compensate totally or partially for the linear dispersive phase, and to thwart 
transfer of energy between the spectral components. As a result, a constant 
pulse shape can be obtained in a lossless fibre with a hyperbolic secant
distribution.
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4.5 APPENDIX
The equivalence between the coupled-wave formalism and the 
nonlinear Schrödinger equation.
In order to relate the variations of the spectral components
a (w,z) to the changes of the pulse shape E(t,z) as given by eq. (4.8) one
needs to Fourier-transform the coupled-wave equation (4.3).
To this end we multiply eq. (4.3) by exp(iß (ui^  )z) and eliminate
Dirac's delta function by integrating over oo^ . Then, we Fourier transform
the right-hand side of eq. (4.3) by applying the convolution theorem and the
Fourier transform (F) of the variable v = co - a) , i.e. F[iv] = d5(t)/dt.o
The Fourier transform of the left-hand side of eq. (4.3) is 
performed with the help of the derivative with respect to z of eq. (4.8) and 
use of a Taylor series of 0 (u)) - 0 (u> ). The final results reads
- i
m=1 (-i)
$(m) ----) E(z, t) = -i(j) CNL I E 12o atm o i l E +
NL 3 .| ip+ 2tt C —  ( I E I 2 E ) (4A.1)
In eq. (A4.1 ) 3 ^o
8 (oj) evaluated at a) .o
is the m-th derivative with respect to oj of
The last term of the right-hand side of (A4.1) is negligible for
narrow spectral distributions such that Aw << oo .o
The nonlinear Schrödinger equation is obtained from
neglecting terms higher than the second order in the summation on
hand side, as well as the last term on the right-hand side.
transforms to the group velocity coordinate £* = t - S' z to findo
,3 32 NL , l9(t—  + i3" T-2-) E(e,z) = -iu> C E 2 E a z ode, O ' *
(4A.1) by 
the left- 
Then one
(4A.2)
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5. INTERPOLARIZATION COUPLING OF POWER IN NONLINEAR BIREFRINGENT FIBRES
SUMMARY
In this chapter we investigate the possibility of coupling energy 
between the polarization eigenmodes of a birefringent fibre, with both modes 
being excited with the same light beam of a given frequency.
By considering the nonlinear interaction between copropagating waves 
of the same frequency, we find out that cross-polarization coupling is 
efficient only in low birefringence fibres. The non-linear coupling of energy 
between the polarization eigenmodes is shown to affect both the relative phase 
and amplitude ratio of a light beam propagating in a birefringent fiber. 
These two quantities determine the polarization state at the output. If the 
birefringence is increased one could transfer power between the two 
perpendicular modes by having an additional pair of either counter-propagating 
waves oscillating at the same frequency, or copropagating waves of a different 
frequency.
These changes in the power partition between the two modes and their 
relative phase result in rotation of the polarization state. A way of 
stabilizing the polarization state, taking advantage of random coupling 
inherently present in an optical fibre, is suggested and discussed.
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5.1 INTRODUCTION:
The optical Kerr effect in glass fibers [1] has been promoted as a 
viable mechanism for devices aimed at the processing of optical information. 
Among these are pulse shapers or intensity discriminators [2], [3] logic gates
(4] and optical wave shutters [5], all of which use a linearly birefringent 
fiber as the principal medium of interaction. Their operation was assumed [2] 
to be determined only by the intensity-dependent variation of the refractive 
index which, under unequal excitation of the two polarisation eigenmodes 
aligned with the principal axes of the fiber, gives rise to a phase difference 
which affects the output state of the field polarization. In that analysis 
[2] the powers carried by the two orthogonal polarizations were considered 
constant. There are, however, several factors which can introduce a transfer 
of power between the polarization eigenmodes [6], One case of power coupling 
is due to the imperfections distributed randomly along the fiber [7]. This 
coupling seems to play a major role in depolarizing the light [7] and can be 
reduced by shortening the fiber or enhancing the birefringence.
A mechanism capable of transferring power between the polarization 
eigenstates results from the optical nonlinear properties of glass fibers 
[81. The nonlinear coupling, though mentioned in literature [8], has not been 
considered in the analysis mentioned above. The element of the third order 
nonlinear susceptibility responsible for this effect is easily identified in 
cartesian coordinates in the notation given by Maker and Terhune [9],
In Section 5.2 we investigate how the output polarization in a 
birefringent fiber is affected by the nonlinear coupling of power between the 
x and y polarization eigenstates. A previous analysis [10] using circular 
polarization states did not explicitly identify and examine the nonlinear 
power coupling, as equations (5) of Ref. [10] include a linear coupling term
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and a nonlinear self-coupling term. The circularly polarized modes are not 
polarization eigenmodes of a linearly birefringent fibre [6], which 
complicates the analysis by introducing linear coupling between the waves. 
Discrepancies between the theory and experimental results identified in [10] 
need not be explained by means of linear coupling of power between the 
circular basis vectors. In terms of linear polarization eigenmodes, it is the 
nonlinear coupling of power which was previously neglected.
Other applications of optical fibers, e.g., fiber gyroscopes [11], 
bidirectional data transmission [12], etc., make use of counterpropagating 
beams in the same fiber. Nonlinear interactions occurring between such beams 
may be of interest in order to eliminate deleterious effects, e.g., phase 
noise [13], or to take advantage of useful aspects. In previous analyses 
[14], [15] it was concluded that the cross Kerr effect between
counterpropagating waves parallel polarized is twice as strong as the Kerr 
effect induced by a wave upon itself. This conclusion seems to have been 
corroborated by experiments [13], [15] measuring a nonreciprocal phase caused
by intensity dependent variations of the refractive index in a wound fiber. 
However, a coil of single-mode fiber acquires a certain degree of bending- 
induced birefringence [16], [17]. If the light polarization launched into the
fiber at both ends is not aligned with the principal axes of polarization 
[18], [19] then four modes will propagate, two polarization eigenmodes in each
direction. The nonlinear equations describing the interactions between the 
four modes are presented and analyzed in Section 5.3.1. The interplay through 
the conversion term between the relative power distributions in the modes and 
their phases underlies the results of this discussion.
Previous analyses [20], [21] and experiments [22] involving
nonlinear interactions between counterpropagating modes in multimode optical
97
waveguides dealt with the generation of a phase conjugated wave from three 
input waves under the condition of undepleted pumps. Another analysis [23] 
considered only cases of constant field amplitudes and equal propagation 
constants in bulk medium. No restrictions are imposed in the treatment 
outlined here which complements the analysis presented in [24] and Section 5.2 
dealing only with codirectional waves. Here we point out the possibility of 
nonperiodic coupling of power between the two polarization eigenmodes of a 
highly birefringent fibers. This process is facilitated by the presence of 
contradirectionally propagating modes. A significant fraction of the total 
power can be coupled between the two modes even at low power levels. By 
controlling the fiber length one can eliminate, under appropriate input 
conditions, the inter-polarization power coupling and retain the contribution 
by the conversion term to the phase change. In the latter case a 
nonreciprocal phase can be intensity-induced if the fiber modes are unequally 
excited.
Another way of overcoming the phase-mismatch due to a high degree of 
birefringence consists of exciting the polarization eigenmodes with two 
copropagating optical waves of distinct frequencies. This method will be 
outlined in Section 5.3.2.
The possibility of enhancing the nonlinear interaction in an optical 
fibre by doping it with germania has recently been experimentally demonstrated 
[25]. This is due to the fact that the nonlinear susceptibility of Ge is, at
least, two orders of magnitude larger than that of silica glass [26]. As a 
consequence, the optical powers corresponding to the nonlinear polarization 
states [27], [28] around which design of nonlinear devices has been suggested,
can be substantially reduced to the range of a few watts. This, however, can 
be achieved only in low birefringent fibres possessing a large coefficient of
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random coupling [29], [30] which is bound to spoil the stable state of
polarization.
Although the random coupling was treated statistically [29], 
Nakazawa et al. [30] have shown that it could be regarded to a good 
approximation as a deterministically varying parameter for a relatively narrow 
linewidth (~ MHz). Moreover, the variations in the value of the random
coupling coefficient can be smoothed out by considering statistical ensembles 
over a large enough spectral bandwidth [29]. Compared with parameters used in 
Ref. [30], a 10 GHz bandwidth may provide enough statistical ensembles to make 
the random coupling a constant along the fibre. In Section 5.4 we present an 
analysis of cross-polarization coupling which incorporates the random coupling 
of power brought about by imperfections along the fiber. As a result, we show 
that a stable polarization state down the fiber can be obtained by exciting an 
initially twisted birefringent fibre with a linearly polarized wave and 
interrupting the twist so that the linear [31], nonlinear, and random 
couplings combine to give rise to no net transfer of power between the initial 
two modes. In addition, the variation of their phase difference is also
required to vanish.
5.2 INTENSITY DISCRIMINATION THROUGH NON-LINEAR POWER COUPLING 
IN BIREFRINGENT FIBERS
We consider a fiber with birefringence B = n^ - nx where nj(j = x,y) 
is the effective index of refraction of the eigenmode Ej(x,y,zft) which for a 
monochromatic wave has the form
E.(x,y,z,t) = a.(z) A f(x,y) exp{i(u)t - S.z)}
] 3 ° 3
(5.1 )
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In (5.1) Aq is the normalized amplitude of the mode, f(x,y) is its 
transverse distribution and co, t, 3^ = 00 n^/c, and z have the usual 
interpretation of, respectively, angular frequency, time, propagation constant 
and longitudinal coordinate. The square of the magnitude of the coefficient 
aj(z) represents the power carried by the mode if the normalization condition 
is given from (2.28) by
2 00
nAQ / dxdy f2 (x,y) = 1 erg/sec (5.2)
with n the refractive index at frequency w. Following the notation 
introduced by Maker and Terhune [9], the behavior of the coefficient a^(z) is 
determined from (2.12) and (2.27) as
d
dz ax [3X xxxx (X xxyy + X xyxy atx
-iu>
C
3xA xyyx
*
a a a exp[-i(26 y y x y 26 )] x
(5.3)
where the star denotes complex-conjugate, the coefficients arejklm
tensorial elements of the third-order susceptibility, as in Chapter 2 and
with c the velocity of light in vacuum.CQ = 2 ( 2tt /cn )
00 2 2 00 4
A = [ / dxdy f (x,y)] / / dxdy f (x,y), is an effective area.
— OO — OO
Finally,
The middle indices of X indicate the pump waves while thejklm
external ones stand for the "Stokes" and and "anti-Stokes" waves. The first 
term on the right hand side in eq. (5.3) containing the square brackets is 
responsible for changing only the propagation constant of the wave, i.e. the
1 00
K e r r  e f f e c t ,  an d  t h e  l a s t  t e r m  r e p r e s e n t s  e n e r g y  c o u p l i n g  b e t w e e n  t h e  two 
p o l a r i z a t i o n s  a f f e c t i n g  b o t h  t h e  a m p l i t u d e  and t h e  p h a s e  o f  t h e  w a v e s .  A 
s i m i l a r  e q u a t i o n  h o l d s  f o r  a w i t h  t h e  i n d i c e s  i n  ( 5 . 3 )  i n t e r c h a n g e d .
To c l e a r l y  i d e n t i f y  p h a s e  an d  a m p l i t u d e  e f f e c t s ,  we s e t
a . (z ) = p . e x p  ( -i<j> . (z ) )
3 3 3
( 5 . 4 )
Then  e q .  ( 5 . 3 )  
modes ,  i . e . ,
an d  i t s  e q u i v a l e n t  f o r  a ^ ,  g i v e  t h e  p o w e r s  c a r r i e d  by t h e
2 2
P = p an d  P = p , a s  x x  y y
dP C
■ X = -2o)x ~~r P P s i n  9dz A x y ( 5 . 5 a )
dP^ C
= 2oox —  P P s i n  9 dz A x y
an d
( 5 . 5 b )
d0
dz 2(3 y
c
3 ) + 2wx (1 -  co s  9 ) (P -  P )x A y x ( 5 . 6 )
w h e r e  X = I n  t h e  d e r i v a t i o n  o f  ( 5 . 5 )  an d  ( 5 . 6 )  we a l s o  u s e d  t h e
r e l a t i o n  ( 2 . 1 2 ) .  The p h a s e  d i f f e r e n c e  b e t w e e n  t h e  waves  i s
9 = 2(3  -  3 )z + 2(4> -  <j> ) .
y x y x
The c o s i n e  t e r m  i n  ( 5 . 6 )  r e s u l t s  f r o m  t h e  power  c o n v e r s i o n  b e t w e e n  
t h e  o r t h o g o n a l  p o l a r i z a t i o n s .  T h i s ,  a l o n g  w i t h  t h e  K e r r  e f f e c t ,  c o n t r i b u t e s  
t o  t h e  n o n l i n e a r  p h a s e  d i f f e r e n c e  w h ic h  d e p e n d s  on t h e  p o w er  d i s t r i b u t i o n  
b e t w e e n  t h e  p o l a r i z a t i o n  s t a t e s ,  i . e . ,  Py -  Px* ^ h i l e  t h e  t o t a l  power  i s
The'maximum degree of conversion is affectedconserved, P and P may vary, x y
by the input powers, the phase mismatch 3 - 3 , the initial phasey x
difference 9(0) and the fiber length.
Equations (5.5) indicate that a phase difference, 9 * 0 ,  between
the two polarization eigenmodes must be present for power coupling to take
place. If the input relative phase is zero, then a finite value of
birefringence, i.e., 3 ^ - 3  * 0, will be advantageous in generating a phase
difference in particular in the case of equal excitation of the polarization,
i.e., P = P , as indicated by eq. (5.6). Obviously, a too large x y
birefringence will cause a reversal of power coupling before a substantial 
amount of energy has been transferred.
An analytical solution can be found to eqs. (5.5) and (5.6) in terms 
of Jacobian elliptic functions and its derivation is expounded in the 
Appendix. Its usefulness is, however, limited as it depends on the existence
of three real roots to a cubic polynomial which incorporates the input
conditions. The nonexistence of at least one real root does not imply that 
the physical process cannot occur. Hence we solve eqs. (5.5) and (5.6)
_ 7numerically and as an example we use a birefringence B = 5 x 10 , an
-7 2 “15effective area A=10 cm , a nonlinear susceptibility x = 5.7 x 10 esu
— 1 3(corresponding to r\2 = 1.45 x 10 esu) [8], initial relative phase
9(0) = 0 , and 0.51 urn wavelength. The variation of the power carried by 
the x-polarized mode Px is illustrated in Figure 5.1 for three different sets 
of input values. The corresponding variation of the nonlinear phase
difference, i.e., <J> - <j> = 0.5 (9(z) - 9(0) - 2(3 - 9 )z), is shown in
Figure 5.2
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2 Nonlinear phase difference vs distance. The parameters are the
same as in Figure 5.1 .
The case of equal excitation of the two orthogonal polarization is 
of particular importance; the results, c in Figs. 5.1 and 5.2, show that a 
power exchange takes place contrary to what would be assumed on the basis of 
nonlinear phase effects alone [2]. The coupling of energy can be reduced by 
using low powers and/or high linear birefringence. In the former case a 
longer fiber will be required in order to obtain a substantial nonlinear phase 
difference [1]. For birefringence values larger than 5 x 1 0 ,  i.e., strong
phase mismatch, the sin9 in (5.5) and cosö in (5.6) terms oscillate 
rapidly so that the nonlinear phase difference effectively becomes a linear 
function of the input power difference [2]. It is noteworthy that the period 
of power coupling will become different from the period = it/Aß induced by
the linear birefringence, because of the positive or negative additions to the 
phase brought about by the nonlinear contributions.
The polarization state of the field in the fiber is, in general, 
elliptic. The power PQ passed by a linear polarization anyalizer set at an 
angle a to the x axis, is determined, for a monochromatic wave, from
2 1 /2P (z,a) = P cos2 a + P sin a + (P P ) 7 sin(2a) • cos(9/2) (5.7) o x y x y
The application of this expression to pulse shaping relies on the 
discrimination between high and low intensities so that the fraction of the 
peak power transmitted is larger than that of the power in the tails of a 
pulse. The feasibility of this effect is illustrated in Figure 5.3 where the 
fraction of the total power passed by a linear polarization analyzer is
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Figure 5
P (0) (x 100 W  )
.3 Fraction of the total power transmitted by an analyser at
a = -75° to the x axis vs input P (0)- a) P (0) = 0.5 P (0).x y x
B=5x10~7; b) P (0) = 0.5 P ( 0 ), B = 5 x 10"6; and c) P (0) =y a y
Px (0), B=5x10 7. Fibre length is 2.18 m for case a), and 2 m for 
b ) and c ).
P (0) (X 100 W)
Figure 5.4 The parameters are the same as in Fig. 5.3 with the nonlinear 
coefficient CNL twice as large. Fibre length is 2m.
displayed as a function of the input power along the x axis, for different and
_7equal excitation along the principal axes. For a fiber possessing a 5x10 
birefringence, a pulse of 825 W total peak power, with a polarization
partition P^(0) = 0.5 Px (0) will have its sides below half the peak power
transmitted at less than 17 per cent of their input value while the peak
transmission will be 60% as illustrated in Figure 5.3. Thus, the ratio
between the peak and the pulse wings will be increased by a factor of 3.5. By
—6increasing the birefringence to 5x10 ° a reduction in the discrimination
between high and low powers is brought about by the absence of power
coupling. Even with equal excitation, i.e., Py(0) = Px (0), intensity
-7discrimination is possible for B = 5x10 , with ~ 25% transmissivity at 150W
and 80% at 350 W.
The intensity discrimination can be sharpened by enhancing the 
nonlinear coefficient CNL. For a nonlinear interaction twice as strong, 
Fig.5.4 illustrates a transmissivity at 200W three times as large as that at 
100 W for initially equal excitation.
If one prefers to work with circularly polarized modes as in [32], 
then an expression similar to eq. (5.7) can be derived for the powers carried 
at the output, by the right-hand (P_) and left-hand (P+) circularly polarized 
modes [33]
2P = P + P - 2 (P P ) V  sin (0/2) + x y x y
Vo2P = P + P + 2 (P P ) 72 sin (9 /2 ) - x y x y
(5.8a)
(5.8b)
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Thus we find that the power, measured at the fibre end, of each of 
the circular polarizations depends on the relative phase of the Cartesian 
modes, and their power partition through the interference term in (5.8).
5.3 POWER COUPLING IN HIGHLY BIREFRINGENT NONLINEAR OPTICAL FIBERS
5.3.1 Counterpropagating Waves
We shall consider four modes whose monochromatic electric fields are
defined as
E. = £ . (x, y ) a. (z) exp [i (cot-8 . z ) ] 
3 + 3 3 + 3
(5.9a)
E. =£.(x,y) a. (z) exp [i (co t+8 . (z-L) ) ] 
3 - 3 3 -  3
(5.9b)
with j = x,y indicating the polarization direction, e.(x,y) = A f.(x,y) e.,3 o ] 3
f.(x,y) being the transverse distribution, e. a unit vector and a. , and 3 3 +
a^_ longitudinally varying coefficients of the modal fields propagating,
respectively, in the +z and -z longitudinal direction. These modal fields are
l I 2 I I 2normalized so that |a_iJ and | a_: _I give the powers carried by the modes.Lj + I Lj-I
The angular frequency and the propagation constant are denoted by co and 6_^ , 
respectively. Finally, t is the time coordinate and L the fiber length.
(5.9) indicate that the waves E
3 +
enter the fiber at the
left end z=0 while E. are launched into the fiber at the right end z=L. 
For either propagation direction the accumulated phase at a given point z,
0 < z < L, is proportional to the distance travelled by a wave front up to
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that point. Compare this with other definitions of the backward moving waves 
[20], [21], [23] in which their phase is proportional to the remaining
distance to the left end.
The longitudinal variations of a^+ and a^ _ are proportional to the 
of the nonlinear polarizati 
that is [3], by generalizing eq. (2.28)
projection on P onto the modal fields e.(x,y),
d , — *2-^ - a_.+ = -ico // dxdy P(x,y) • £_.(x,y) exp(iS_.z) (5.10a)
d“—  a. . dz j - ico // dxdy P (x,y) • £_. (x,y) exp(-i8_.z) ( 5.1 Ob)
with both P and £_. oscillating at the same optical frequency w .
Consequently, we determine [9], [35] the nonlinear polarization P in the
frequency space by summing up all distinguishable polarizations of the form
Y E E E*jklm k 1 m with 'jklm tensorial elements the nonlinear
susceptibility and weighted by a degeneracy factor D. Each field E is to 
be wholly identified by its angular frequency w , its polarization and its 
propagation constant (+{3^  or Note that even though !^j + l = l^j I'
the two contradirectional modes are distinguishable. In the frequency space,
with each nonlinear polarization P. = D x. , E. E E, one has to associatel ljkl ] k 1
a four-photon interaction, each photon being identified by its frequency, 
polarization direction and propagation constant [36]. Thus the x polarized 
component of the nonlinear polarization, i.e., P takes the form [8], [9],
y
[35]
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P = D X ( E7T I 2 _  I -  | 2 -
X "xxxx  ' l - x + l  + 2 l Ex - l  ' V  + D Xxxxx( 2 i Ex+l 2 + !ExJ 2 > E +
<Xxxyy + Xx y x y ) ( l Ey+l + l Ey J 2 > Ex+ +
+ D (xw w  + X ) ( | e | 2 + | e I 2 ) E +xxyy xyxy I y+I I y_l  ' hx _ +
+ D lXxxyy + Xxyxy> <Ey + Ex-  Ey -  + Ey _ Ex+ E*+ >
+ D X (E E E " + E E ^xyyx y + y+ x+ Ey _ EXJ  +
+ D X (E E E* + E E E* )xyyx y -  y -  x+ £'y+ hx J ( 5 .1 1 )
When a l l  r a d i a t i o n  f i e l d s  o s c i l l a t e  a t  th e  same frequency^  D=3
The f a c t o r s  o f  2 i n t r o d u c e d  i n  t h e  second  
and t h i r d  te rm s  comply w i th  R e fs .  13 and 14.
The power c o u p l i n g  in d u c e d  by th e  f i f t h  te rm  
Of (5 .11  ) can  be i n t e r p r e t e d  e i t h e r  a s  c o d i r e c t i o n a l  i n t e r - p o l a r i z a t i o n  
c o u p l i n g ,  e . g .  be tw een  x+ and y +> and x -  and y - ,  o r  a s  c o n t r a d i r e c t i o n a l  
i n t r a - p o l a r i z a t i o n  c o u p l i n g ,  e . g . ,  b e tw een  x t  and x - ,  and y+ and y - .  The 
i n t e r p o l a r i z a t i o n  power c o u p l i n g  d e s c r i b e d  by th e  s i x t h  te rm  o f  ( 5 . 1 1 )  was 
d i s c u s s e d  i n  S e c t i o n  5 .2  and shown to  v a n is h  f o r  h ig h  b i r e f r i n g e n c e  o r  be 
n e g l i g i b l e  a t  low p o w e rs .  F i n a l l y ,  th e  l a s t  te rm  o f  ( 5 . 11 )  g e n e r a t e s  a 
p o l a r i z a t i o n  s t r o n g l y  p h a s e -m is m a tc h e d  w i th  th e  p r o p a g a t i n g  f i e l d s .
A s i m i l a r  e x p r e s s i o n  h o ld s  f o r  p •
Py w i th  s u b s c r i p t s  i n t e r c h a n g e d  i n
( 5 . 1 1 ) .
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Substitution of the first five terms of (5.11) into (5.10) and use 
of the orthonormality relationship between the fiber modes, together with the 
gaussian approximation, eq. (2.17), for the fundamental mode yields for the 
variation of
a = p . exp(-i<f> . ) (5.1 2a)3+ 3+ 3 +
and
aj_ = p j_ exP (i$j_) (5.12b)
the following equations in which is the power carried by the mode k
d_
dz Px+
4 NL
r  (j ü  C p p p p sin0 3 x+ x- y+ y- (5.13a)
d_
dz Py+
4 n l  • a—  ü) C p p p p sin9 3 x+ x- y+ y- (5.13b)
In (5.13) the nonlinear coupling coefficient is given by 
NL 2C = 6x (2TT/cnr ) , rQ being the modal spot size, n the refractive index of
the fiber core, c the velocity of light in vacuum and X = X • Inxxxx
deriving (5.13) we have also used eq. (2.12). Finally, the relative phase at 
a given point z is
0 = < f > + < J > - < J > — A + A f  (5.14)y+ y- x+ x-
with Ay = -3 z + S (z-L) + 3 z - ß (z-L) = (3 - 3 )Ly y x x  x y
1 1 0
The c o r r e s p o n d i n g  p h a s e  v a r i a t i o n s  a r e  f o u n d  f r o m  ( 5 . 1 0 )  t o  be
co C
NL
[(P + 2P ) + -r- (P x -  3 y+
+ P )
y -
+ I  (Px -  V  Py _ cos0  /  9 x + >] ( 5 . 1 5a)
d _
dz = co
NL
C [ (P ^ +2.P )y+ y - Px - )
(P x+ y - x - cos9 / V ’ ( 5 . 1 5b)
The l o n g i t u d i n a l  v a r i a t i o n s  o f  d> an d  <p a r e  d e t e r m i n e d ,x -  y -
r e s p e c t i v e l y , by i n t e r c h a n g i n g  x+ an d  x -  i n  ( 5 . 1 5 a )  an d  y+ and  y -  i n  ( 5 . 1 5 b ) .
We n o t e  f r o m  e q s . ( 5 . 1 3 )  -  ( 5 . 1 5 )  t h a t  t h e  d e g r e e  o f  i n t e r ­
p o l a r i z a t i o n  c o u p l i n g  o f  pow er  c a n  be  c o n t r o l l e d  by a d j u s t i n g  t h e  i n t r i n s i c  
r e l a t i v e  p h a s e  Ay t h r o u g h  v a r i a t i o n  o f  t h e  f i b e r  l e n g t h .
I f ,  on t h e  o t h e r  h a n d ,  we p r e v e n t  any c o u p l i n g  by s e t t i n g  i n i t i a l l y  
<p ^ = 0 an d  Ay = 2mir (m = 0, ±1, ±2,  . . . ) an d  c o n s i d e r  low p o w e r s  a n d / o r  
s h o r t  f i b e r s  s o  t h a t  <J>, << 1 , an d  c o n s e q u e n t l y  9 -  Ay, we o b t a i n  f r o m
( 5 . 1 5 )  t h a t ,  f o r  e x a m p l e ,  t h e  p h a s e  d i f f e r e n c e  b e t w e e n  <J> (L) and  <f>T (0)
x+ y —
i s
<fi ( L ) — <b (0)  = a )  C N L  ^ ( P  +4 P - 4 P  -  P ) L +
x+ y -  3 x+ x -  y+  y -
( 5 . 1 6 )
NL 2
+ a ) C  ( p p p  / p - p p p  /  p ) L
3 x -  y+ y -  7 x+ x+ x -  y+ y -
We emphasize that this non-reciprocal phase is caused by the Kerr effect
assymetry between electric fields with parallel and perpendicular
polarizations and by the as'symetry of the phase variations brought about by
the conversion term. This indicates the possibility of a nonreciprocal
intensity-induced phase when the input powers are unequal. Note, however,
that this phase difference should be small enough so as not to pull 9 from
its initial value. Substituting in (5.16) the corresponding values in esu for
P = P = P and p = p = p and p - p = 1 uW and L = 200 mx+ y- + x- y+ + -
together with cNL ~ 1 0 27 esu and w ~ 2 x 1015 Hz results in a 
nonreciprocal phase of 4 x 1 0  rad, which is in line with experimental 
results [15].
Next we solve numerically (5.13) and (5.15) by simultaneously
propagating forwards x+ and y+ modes and backwards x- and y- modes. After a
transition time T = L/v^, (v^ the group velocity,) all four modes can be found
throughout the fiber while after 2T the steady state sets in as all four waves
have interacted with one another along the whole fiber. The power
distributions along the fiber for such a steady state is illustrated in
Fig.5.5 for maximum coupling efficiency, i.e. Ay = (m-0.5)ir (m = 0,2,4, ...)
and initially 4>. = 0. An input of P = P = 2.5 W and P = P = 5 Wi x+ y+ x- y-
was assumed together with a 3 pm fiber radius, a relative core-cladding
index difference of 0.003 and 1 ym operational wavelength. For the non-
-1 5linear susceptibility we used [8] x = 5.7 x 10 esu. The corresponding 
phase evolutions are shown in Fig. 5.6. We observe from Fig. 5.5 that a 
substantial degree of inter-polarization power coupling is achievable at low 
powers on the order of a few watts thanks to lack of periodicity which 
prevents this result if only codirectional waves are present as shown in 
Section 5.2. For Ay = (m + 0.5)tt the coupling direction is inverted.
Fig. 5.5 Power distribution along the fiber, normalized to the total input 
power at the respective end. Initially, Px+ = P^ ,+ = 2.5
W and P = P = 5 W.x- y-
Fig. 5.6 Phase variations of the four modes corresponding to the powers in 
Fig. 5.5.
Althoug the limits of the phases become 
1.2 and -1.2 in Figs. 5.6 , the relative
phase 0 is not substantially changed.
This leads to the same degree of conversion 
in Figs. 5.5 and 5.6.
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The variation of coupling efficiency as a function of the input 
powers is displayed in Fig. 5.7, for equal excitation of all four modes and a 
10 m long fiber. The effectively linear behaviour with distance of the 
parameters in Figs. 5.5 and 5.6 and with power input in Fig. 5.7, is due to
the fact that the relative phase 9 varies very little in the neighbourhood
V-of -tt/2, along the fiber.
Fig. 5.7 Normalized power output versus power input P, with
p = p = p = P  = P at the input. The fiber length is 10m. x+ y+ x- y-
The small variation of 0 is not 
substantially affected by the correc­
tion since the modal powers are
Vequall as indicated in Fig. 5.7
1 1 4
5.3.2 COPROPAGATING WAVES OF TWO DIFFERENT FREQUENCIES
An alternative way of overcoming the high phase mismatch caused by 
high birefringence in an optical fibre could involve trading the 
counterpropagation of identical frequency waves considered in the previous 
section for copropagation of two waves of distinct frequencies.
Anologously to Section 5.3.1 the tensorial components ^XyXy anc^
X of the nonlinear susceptibility are involved. If each of the twoxxyy
frequencies a)^ and go excite both polarization eigenmodes at the input, 
then the nonlinear coupling can be interpreted as transfer of energy between 
the polarization eigenmodes of the same frequency or as intrapolarization 
coupling from one frequency to the other. Schematically this may be 
represented by
x :
V I2 i1 t
y : J 1 ” 2 W 1 ^
» The direction of coupling, i.e. the 
arrows, depends on the value of the relative phase 9. The corresponding set 
of nonlinear equations takes the form,
d_
dz 1 x i - Pdz 1 y -8“ l CNL lP1xP2XP1yV  1/2 sinö (5.16)
d_
dz (P. P. P, P_ ) 1x 2x 1y 2y
V2 sin9 (5.17)
with
(ß- + ß.2x 1 y - 8 2y - 8 )z 1 x + T .2x 1 y
-  d> -  d>92y 1 x9 (5.18)
The phase variations are determined from the following equations
d NL—  4> . = oj. C (3P + 2P + 6P„ + 4P ) +dz T1 x 1 1 x 1 y 2x 2y
+ 4a) C 
1
NL (PlxP2xP1yP2y} 
P1 x
72
COS0
(5.19)
q—  = U). CNL(6P, + 4P, + 3P„ + 2P„ ) +dz 2x 2 1 x 1 y 2y 2y
+ ^ 2  C
NL (P1xP2xP1yP2y
V2
COS0
(5.20)
The variations of <f>^  and <j> are found by interchanging x and y
in eq. (5.19) and (5.20) respectively.
Assuming a negligible dispersion of the birefringence An = n - ny x
one obtains for the phase mismatch
Aß = 3 - ß - (ß - R ) = — (a) - a» ) • An1y 1x 2y 2x c 1 2 (5.21)
Given a fibre length one can evaluate from (5.21) the frequency difference for
4 -5Aß*z << 1. For example, if z = 10 m (= 10 cm), and An = 10 then
Aß z << 1 whenever a)^ - m << 3 x 10^ Hz.
By solving numerically eqs. (5.17)-(5.1 9), we find the possibility 
of transducing various input relative phases into different output power 
levels as illustrated in Fig. 5.8 for three input values of 0, i.e.
11 6
z (m)
Fig. 5.8 Power distribution P2x along the fibre for input power partition
P . = P„ = 5 W , and P = P = 1 W .1 x 1 y 2x 2y
-5Aß = 3 x 10 rad/cm. Solid line: 3(0) = tt/7, short-dashed
line: 9(0) = tt/6, and long-dashed line: 9(0) = ir/5.
z (m)
Fig. 5.9 Variation along the fibre of the relative phase 9, corresponding
to Fig. 5.8.
1 1 7
9(0) = it/5, tt/6, and tt/7. The power output P 2x increases with values of 9
closer to tt/2, for A3 = 3 x 10 5 rad/cm, and P, = P, = 5 W and1 x 1 y
P 2x = P 2y = 1 W * The corresPond:i-n9 variations of 9 are shown in Fig. 5.9.
5.4 POLARIZATION STATE STABILIZATION IN OPTICALLY 
NONLINEAR BIREFRINGENT FIBRES
Consider two orthogonal modes initially aligned with the principal 
axes of a linearly birefringent fibre whose electric fields are denoted by
E.3 a . 3 (z ) s(x,y) exp (icot) (5.22)
where j = x or y, a. is the longitudinally varying complex amplitude, e(x,y)
is the modal transverse distribution, to is the angular frequency, and
finally, t and z are, respectively, the temporal and lon’gitudinal coordinates.
If the fibre is twisted at a twist rate <j>^(rad/cm), and the twist 
z
angle is a  =  f  <p (u) du, then combining the linear [31], and nonlinear 
0
effects (see Section 5.2) we find for the total change of a^ the equations
d • o . M . -NL-—  a = - i 0  a - i N a - i f  dz x x x  xy y x (5.23a)
dt—  a dz y -i 3 ay y Nyx ax (5.23b)
with 3 = 3  - 0.5 A3 cos(2a ), 3 = 3  + 0.5 A3 cos(2a )x o y o
*N = 0.5 A3 sin(2a) - i(0.078 6 ), n = N , and A3 = to (n - n ) / c xy t yX xy y x '
being the phase detuning caused by the linear birefringence from the 
unperturbed propagation constant 3 .
1 1 8
The n o n l i n e a r  c o n t r i b u t i o n  i n  ( 5 . 2 3 )  i s ,  f r o m  ( 5 . 3 )
NL
i| l . I2 + — I a I 2 ] a . + J 1 31 ]
1 NL *
+ 7 C W j ( 5 . 2 4 )
w i t h  c" = a) x ( 2 / A ) ( 2 7 r / cn )2 , a n d ,  a s  b e f o r e ,  w i t h  y b e i n g  t h e  n o n l i n e a r
s u s c e p t i b i l i t y ,  A t h e  e f f e c t i v e  a r e a  o f  i n t e r a c t i o n ,  c t h e  s p e e d  o f  l i g h t  i n
vacuum an d  n t h e  r e f r a c t i v e  i n d e x  o f  t h e  f i b r e .  I n  (3 )  j , k  = x , y  an d  j  * k .
S e t t i n g  a = p exp(-i<j>) we f i n d  f r o m  ( 5 . 2 4 )  t h e  v a r i a t i o n s  o f  t h e
p o w e r s  P. = p2 , an d  t h e  r e l a t i v e  p h a s e  9 = 2(8 -  8 )z + 2 ( 4> -  <p ) i n  t h e  
J J Y x y x
fo r m
d8 1
—  = 2A6 c o s  ( 2 a ) -  2 (P  -  P ) [------------- M O . 5 AS s i n ( 2 a )  c o s ( 0 / 2 ) )  -
dZ y X (P P ) /2
x y
-  0 . 0 7 8  s i n ( 9 / 2 ) )  -  C (1 -  co sö  ) ] ( 5 . 2 5 )
— ^  = - 2 ( P  P Y 2 ( 0 . 0 7 8  <j> c o s  (9 / 2 ) + 0 . 5  A8 s i n ( 2 a )  s i n ( 9 / 2 )  ) -  dz x y t
NL
2C P P s i n 9  -  h ( P  -  P x y x y ( 5 . 2 6 a )
dP
d i ( 5 . 2 6 b )
N o te  t h a t  we h a v e  a l s o  i n t r o d u c e d  t h e  new l a s t  t e r m  o f  ( 5 . 2 6 a )  w h i c h
r e p r e s e n t s  t h e  c o u p l i n g  c a u s e d  by p e r t u r b a t i o n s  a l o n g  t h e  f i b r e  w i t h  h (cm"*1  ^
t h e  c o u p l i n g  c o e f f i c i e n t .  The c o n t r i b u t i o n  t o  t h e  p h a s e  d i f f e r e n c e  by t h e  
rand om  c o u p l i n g  i s  a s s u m ed  t o  be  n e g l i g i b l e .  We s h a l l  a l s o  a s s u m e ,  f o r
simplicity, that the random coupling is less important in a twisted fibre [37]
and so, for a short length of fibre we set h = 0 for * 0.
In order to obtain a stable polarization state no changes should
take place in both the power distribution of the modes and the relative phase
between them. For this, eqs. (5.25) and (5.26) are solved numerically for
particular input powers, i.e. Px (0) and P (0), and a relative phase 9(0) = 0
corresponding to a linearly polarized wave. The calculation is initiated with
a given value of the twist rate  ^ and the distance zq at which eq. (5.25)
vanishes with <j> = 0 is determined. Thus we obtain that if the twist is
terminated then d9/dz = 0. Simultaneously, eq. (5.26) should also vanish,
and so we adjust the value of h to get dP /dz = 0  at z .x o
Therefore, no power variation occurs in the two modes initially 
aligned with the principal axes of the linear perturbation and now tilted at
an angle a(z^). Nor is there a change in their relative phase.
Consequently, the state of polarization remains unchanged.
The role of the twisted section is to introduce a linear coupling 
between the modes, which will combine with the nonlinear coupling to balance 
the random coupling. The twist is needed because at the input the power
launched into the fibre excites polarization eigenmodes.
As a numerical example we consider a fibre with a birefringence
B = n  - n = 10 7, an initial twist <j> = tt/30 rad/cm, and an effectivey x t
- 7 2 “ 13area A = 2 x 10 cm and x = 2 x 10 esu. For a total power of 1 W we
vary the input ratio in the two modes and find that after a distance of 
~ 7 - 14 cm the polarization state can be stabilized by ending the twist if 
the fibre possesses a random coupling coefficient h as indicated by the solid 
line in Fig. 5.10. In the same figure the short-dashed line corresponds to
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F i g .  5 .10  Random c o u p l i n g  c o e f f i c i e n t  v e r s u s  i n p u t  power r a t i o .  T o t a l  power 
i s  1 W. a)  s o l i d  l i n e :  t w i s t  r a t e  4 > = tt/ 3 0  r a d / c m f b) s h o r t -
d a s h e d  l i n e :  t w i s t  r a t e  = - it/ 3 0  r a d / c m ,  and c)  l o n g - d a s h e d
l i n e :  l i n e a r  c a s e  w i t h  <J> = tt/ 3 0 .  The t w i s t  l e n g t h  i n c r e a s e s
w i t h  h i n  t h e  r a n g e  ~ 7-14  cm.
t h e  c a s e i n  which  t h e t w i s t  i s n e g a t i v e . We n o te t h a t a l a r g e  r a n g e o f
c o u p l i n g c o e f f i c i e n t s c o v e r i n g more t h a n one o r d e r of m ag n i tu d e  can be
accommodated w i t h  d i f f e r e n t  power r a t i o s .  The l o n g - d a s h e d  l i n e  o f  F i g .  5 .10  
i l l u s t r a t e s  t h e  c a s e  o f  an o p t i c a l l y  l i n e a r  f i b e r ,  i . e .  w i t h  x = 0«
Most i m p o r t a n t l y ,  however ,  i s  t h e  f a c t  t h a t  t h e  random c o u p l i n g  
c o e f f i c i e n t  h s h o u l d  have h i g h e r  v a l u e s  f o r  r e d u c e d  p h a s e  d e t u n i n g ,  i . e . ,
AS c o s ( 2 a ) .
In the absence of the twist one can find from eqs. (5.25) and (5.26)
by setting h = 0, a = 0 and 9(0) = mir (m = ±1, . ...) that the power
difference - P , at the input, necessary to maintain 9(0) unchanged is
NLP - P AS/2C . Assuming in a heavily Ge-doped fibre thatx y
-1 3 _7X ~ 2x10 esu, the power difference for B = 10 would be about 10 W, at a
1 ym wavelength.
5.5 CONCLUSIONS
The contribution of the third-order nonlinear polarization which
couples power between the eigenstates of a birefringent fiber, to the rotation
of the polarization state of the field has been investigated. By considering
polarization eigenmodes and short fibers in order to avoid random coupling
between the orthogonal polarization states, it was shown that both nonlinear
power coupling and nonlinear phase difference can contribute to intensity
discrimination in a low birefringence fibre.
Simultaneous propagation of contradirectional waves in a highly
birefringent fiber provides an efficient way for low power codirectional
coupling between the polarization eigenmodes. Under certain conditions, i.e.,
unequal excitation of the modes and (3 - B )L = 2mir, the power coupling canx y
be eliminated, and the phase contributions brought about by the conversion 
term result in a nonreciprocal phase between contradirectional modes.
Another means of low power inter-polarization coupling in high 
birefringence fibres would consist of using two codirectional waves of
different frequencies.
The polarization state of a wave propagating down a linearly
birefringent fibre can be stabilized by applying an initial twist to 
and interrupting it, so that the residual linear variations of 
coupling and the phase difference are cancelled out by the 
interaction and the random coupling.
the fibre 
the power 
nonlinear
1 23.
5.5 APPENDIX
ANALYTICAL SOLUTION TO EQS. (5.5) AND (5.6)
Substituting in the cosine term of (5.6) for P and P from (5.5a)y x
and (5.5b), respectively, yields
(P P cosQ) + P P sin9(AS + a P  - a P ) = 0 (5.A1 )d z x y  x y  o x o y
where AS = 2(8 - S ), and a = 2u x C /A.y x o o
Next, one uses (5.5b) in the second term of (5A.1) and integrates to get
1 9P P cos9 + —  AS P + P2 - P P = T (5A.2)x y a Y y tot y
with Ptot = px + ?y an<^   ^ a constant of integration determined by the 
initial conditions. The next step involves substituting for sin9 in (5.5b) 
from (5A.2) and integrating, with the result 
p (z)y
5 /
P (0)y
- v?dp f 72 (5A.3)
after using the following definition:
a = AS/(a P ) - 1; Also o tot
5 = Ptot ao where d 2 (a -1 )
Py
p__y_
ptot
(5A.4)
and
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q 1 -  a  -  2y c 2yz y 2
f  = p J + ------------------- p 1 + ——  p -  —y d r y d ^y  d
wi  t h  y  = r  / P
7 t o t
( 5 A .5 )
I f  a ,  b ,  and c a r e  r e a l  r o o t s  o f  f  a s  g i v e n  i n  (5 A .5 )  so  t h a t  
a  > b > p > c t h e n  p y (z )  i s  g i v e n  by i n v e r t i n g  t h e  e l l i p t i c  i n t e g r a l  o f  
( 5 A . 4 )  [38] a s
p ( z )
y
(b -  c )  s n2 (x , k ) + c (5 A .6 )
w h e r e  x = (£ + K ) / (J> g = 2 / ( a - c )  ^  k2 = ( b - c ) / ( a - c ) ,  k b e i n g  t h eo
m o d u lu s  o f  t h e  s i n e  a m p l i t u d e  s n  J a c o b i a n  e l l i p t i c  f u n c t i o n .  F i n a l l y ,  E, i so
a  c o n s t a n t  w h i c h  a d j u s t s  t h e  l o w e r  l i m i t  o f  t h e  e l l i p t i c  i n t e g r a l  o r  t h e  i n p u t  
p o w e r s .
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6. SPECTRAL BROADENING AND DEGREE OF COHERENCE IN
NONLINEAR BIREFRINGENT FIBERS
Summary:
The nonlinear spectral broadening undergone by a light beam 
propagating down a short birefringent fiber, and the c'orresponding evolution 
of the complex degree of coherence are examined. The evaluation of the 
spectral broadening is carried out by means of coupled-wave equations 
describing the intra- and inter-polarization nonlinear effects in an optical 
fiber possessing a linear birefringence. The magnitude of the degree of 
coherence deteriorates with increased input powers and reduced birefringence, 
and does not improve with reduced bandwidth for the same levels of 
excitation. Large variations of the magnitude are accompanied by similar 
changes of the phase of the complex degree of coherence.
6.1 INTRODUCTION
Applications of optical fibres C1]— C 6] making use of optical 
nonlinearities and relying for their operation on birefringent fibers require 
for their design an understanding of the behaviour of the degree of 
polarization of the light. This is in turn related to the magnitude of the 
complex degree of coherence between the optical waves propagating in the two 
polarization eigenstates.
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The degree of birefringence which is indicative of the group 
velocity difference between the polarization eigenmodes, could vary from one 
application to another. This will affect the state of polarization of the 
output light while the polarization-mode dispersion will cause a deterioration 
in the degree of polarization [7], [8], [9].
5 2If the light intensities are large, say exceeding 10 W/cm [10], 
[11], nonlinear phenomena would occur which may influence the degree and state 
of polarization along a birefringent fiber. The change in the propagation 
constants due to the Kerr effect will contribute to the state of polarization 
[1], [2]. The intra-polarization four-photon conversions [12] bring about 
spectral redistributions of amplitudes and phases which will affect the 
magnitude and phase of the complex degree of coherence. This, in turn, will 
influence the state and degree of polarization. These two quantities can 
further be affected by inter-polarization four-photon conversions [13]. The 
extent of power coupling between the two polarization eigenmodes depends on 
the initial power levels as well as on the degree of birefringence and can be 
reduced by using low powers and/or high birefringence fibers, as indicated in 
Section 5.2.1.
Previous analyses concerned with the prediction of the polarization 
state at the output dealt only with monochromatic wave approximations [1], 
[14]. Any attempt at designing optical devices based on polarization effects 
in nonlinear birefringent fibers, will require knowledge of the complex degree 
of coherence and the factors which determine its variations. This is, in 
essence, the purpose of this Chapter.
A recent analysis [15] deals with the degree of polarization from 
which one can deduce the magnitude of the complex degree of coherence but not
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its phase [7], In addition, in [15] the analysis is restricted to fibers 
lacking, effectively, any birefringence.
The calculation of the amplitude and phase distributions which are 
altered by third-order nonlinear effects is necessary for evaluation of the 
complex degree of coherence. These spectral distributions will be calculated 
by applying the coupled-wave equations illustrated in Chapter 4 to the 
spectral components which interact with the medium and through it couple power 
to and affect the phases of one another.
Hence, Section 6.2 develops the approach of Section 4.2 and presents 
the coupled-wave equations as they apply to birefringent fibers. So, an 
expression for the spectral distribution of the spontaneously emitted power 
given in terms of the input peak power of the pulse is introduced following 
the approach presented in Section 4.2. Again the physical quantity of 
spontaneous emission power, rather than the mathematical decay of the spectral 
amplitude distribution function, will set the lowest power level in the wings 
of the power spectrum. All these will reveal the mechanism of spectral 
broadening as an interplay between the relative values of the amplitudes and 
phases of the spectra in the polarization eigenmodes. Such aspects were not 
treated in [16] where only power distributions were presented as the result of 
longitudinal variations proportional to a double convolution of field spectra 
propagating in high birefringence fibers. Here we show that the amplitude and 
phase variations depend on the relative phases between any four spectral 
lines, as well as on the relative amplitudes of the spectral lines.
Next, numerical solutions of the coupled-wave equations will be 
obtained for a particular set of input conditions and no interpolarization 
power coupling. This is the case of high birefringence fibers in which 
nonlinear coupling of energy between the two polarization eigenmodes is
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prevented by the large phase-mismatch. Nevertheless the intra-spectral 
broadening in one polarization is enhanced by the spectral fields propagating 
in the perpendicular polarization.
The situation becomes complicated when the birefringence is low 
enough so that power is transferred from one polarization eigenmode to the 
other. The relative importance of intra- and inter-polarization four photon 
mixing mechanisms will be determined by the power levels in the polarization 
eigenmodes.
The numerical solutions are then used in Section 6.3 to calculate 
the complex degree of coherence. We find out that the magnitude of the degree 
of coherence of light propagating in birefringent fibers deteriorates with 
increased power levels launched into the fiber, and it is independent of the 
spectral width of the light provided that the initial levels of excitation are 
maintained. Also, the modulus of the degree of coherence diminishes with 
reduction of the birefringence. Large variations of the modulus are 
accompanied by similar variations in the phase of the complex degree of 
coherence.
Finally, conclusions will be presented in Section 6.4.
6.2 AMPLITUDE AND PHASE VARIATIONS 
6.2.1 Nonlinear Coupled-Wave Equations
We shall consider the case of a linearly birefringent fiber with the 
principal axes of polarization aligned with the x and y axes of a Cartesian 
system. The spectral electric field E (a),x,y,z,t), j=x,y, of the 
polarization eigenmodes is defined through the relation
+ c . c . ( 6 . 1  )E . ( c o , x , y , z , t )  = ( V ? )  e . a . ( c o , z )  f ( x , y )  e  
3 . 3 3
i  (cot-3 . (co )z ) 
3
I n  ( 6 . 1 )  co i s  t h e  a n g u l a r  f r e q u e n c y  o f  t h e  s p e c t r a l  f i e l d ,  e_. i s  a u n i t  
v e c t o r ,  a (co,z) i s  t h e  l o n g i t u d i n a l l y  v a r y i n g  s p e c t r a l  c o e f f i c i e n t  o f  t h e
m od al  f i e l d  wh ose  t r a n s v e r s e  d i s t r i b u t i o n  i s  g i v e n  by f ( x , y ) .  F i n a l l y ,  3
i s  t h e  p r o p a g a t i o n  c o n s t a n t  o f  t h e  j p o l a r i z a t i o n  e i g e n m o d e s ,  an d  z an d  t  
s t a n d ,  r e s p e c t i v e l y ,  f o r  t h e  l o n g i t u d i n a l  a n d  t e m p o r a l  c o o r d i n a t e s .  We 
n o r m a l i z e  t h e  t r a n s v e r s e  d i s t r i b u t i o n  f ( x , y )  s o  t h a t  t h e  s p e c t r a l  p o w e rs  
c a r r i e d  by t h e  modes i s  g i v e n  by | a ( c u , z ) j 2 a c c o r d i n g  t o  ( 2 . 2 8 ) .
Th e l o n g i t u d i n a l  v a r i a t i o n  o f  a . (co, z ) i s  f o u n d  f r o m  ( 2 . 2 7 ) ,  t h a t  
i s
2 —  a . (co , z  ) dz j - i co / /  dx  dy P ( x , y )  • e f ( x , y )
( 6 . 2 )
w h e r e  P ( x , y )  i s  a p o l a r i z a t i o n  o s c i l l a t i n g  a t  a n g u l a r  f r e q u e n c y  co. I n  o u r  
c a s e  t h i s  p o l a r i z a t i o n  i s  c u b i c  i n  t h e  f i e l d  an d  f o r  a f i n i t e  s p e c t r a l  
d i s t r i b u t i o n  h a s  t h e  fo r m  [ 1 2 ] ,
j k k j
00
D /  dco 
0
00
/dco
0
oo
/ dco E . (co ) E . (co ) 
0  4 ] 2 3 3
E* (co 
3
00
D /dco _
00
/  dco
00
/ dco E (co ) E (co ) E*(
2
o 0 3
4 k 2 k 3 3
00 00 00
+ <Xj k j k + Xj j k k ) Y d“ 20 / d U 30/ d “ 4 W  V V  W  x
x 6 (co 2 + ^ 3 — co  ^ -  co4 ) ( 6 . 3 )
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In (6.3) D is a common degeneracy factor of 3 [17]. The Dirac's delta
function 6 ensures the energy conservation and xijkl are tensorial 
elements of the third-order nonlinear susceptibility.
The first term of (6.3) represents the intra-polarization Kerr
effect and frequency conversion among the spectral components of the j
polarization. The second term accounts for inter-polarization power coupling
•mile the last term takes into account the Kerr effect induced by the k
polarization on the j polarized fields as well as intra-spectral conversion,
i-e., m 2 t u 4 assisted by conversion in the perpendicular polarization, i.e.
W 3 * V  as wel1 as w 3 * in the first polarization and go2 + ^  in the 
second one.
In order to find spectral amplitude and phase variations we set as
usual
a_.(w,z) = p (oj , z ) e lc^ ' z) 
and combine (6.1) - (6.4) to obtain
dz Pj ((V  = c Cfjj ) + (2/ 3) hs,k (o)1 ) + (1/3) f ^ ^ ) ]
(6.5)
and
dT VV co CN L - 4 _  P j W 1 ) + (2/3)hcjk (oji + (1/3) gkj (a)1 ) ]
(6.6)
where j,k - x,y or vice versa.
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wi th
and
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In eqs. (6.5) and (6.6) we have defined
f k j  “ V
oo
=  /  dco 
0
W
00
/dco P  (CO ) P  . ( C O . + C O . - O O .  )
Q 3 k  3 J  2 3 1
s inQ ,  . 
k j
( 6 . 7 )
gk j  ' “ I 1
OO
=  /dco 
0
Pk (“ 2 J
OO
/dco p (co. ) p . ( c o . - K j o . - co : 
q 3 k  3 j  2 3 1
) C O S  0 .  .
k j
( 6 . 8 )
0 ,  . = [6 
k j k ' V + V U3) -  8 . (co ) -  ß . (co ) ] z  +  J 4  J 1
( 6 . 9 )
+ w +  *  (COk 3 > -  V V  " V ^ ’
hs =
00
/  dco 
0
P  . (co. ) 
J 2
00
/  dco. p, (co. ) p (co_-Ki) -co 
3 k  3 k  2 3 1
0
) s i n y
Jk
( 6 . 1 0 a )
he .. =
Jk
00
/  dco 
0
P  . ( «  ) 
J 2
00
/  dco. p (co. ) p (co +co -co 
3 k  3 k  2 3 1
) c o s y  .. 
Jk
( 6 . 1 0 b )
j k  = [B ♦ W  -  Sk «o4 ) -  Bj  « • , ) ] *  +
+  . ( c o . )  +  <j> ( c oj 2 k 3 -  ♦ k (C04 ) -  ♦ j  (“ 1 ) (6.1Oc )
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The nonlinear coefficient C‘NL| is given by
2 4ttx
(cnr Y- o
(6 .1 1 )
after using the relation x = X  = X  = X  /3 and y = y .xyxy xxyy xyyx xxxx xxxx
In addition, c is the speed of light in vacuum, n is the refractive index of 
the fiber core, and rQ the spot size of the transverse field distribution 
calculated in the gaussian approximation as in Section 2.3.3, eq. 2.17.
Equations (6.5) and (6.6) are solved numerically and the results 
will be used to calculate the degree of coherence.
We carry out the calculations with a gaussian spectral distribution 
as the input which has the form
p (u>) = A e o
-(co-to )2/ (Ato )2 o (6.12)
with ü) the center frequency, Aoo half the spectral width and Aq the peak 
amplitude. It is convenient, as indicated in Section 4.2, to relate Aq to the 
pulse peak power P through the relation
j —  U P  ) ^  Ao) p
(erg/sec) 1/2 (6.13)
In addition, we assume an initially vanishing phase for all spectral 
components, i.e., <j>U,0) = 0 .  Furthermore, analogously to Section 4.2 the 
smallest value of p (oo) is not determined from (6.12) but from the spectral
density of the spontaneously emitted power P( Thus the power density Psp, j
in the j polarization corresponding to the spontaneous emission is
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8tt ( 2A ) /2 x 2
sp, j - > 5 I  M P 2 + P2) 5£|Zi££c A j k Hz (6.14)
with 'k = h/2ir, h being Planck's constant, A the relative index difference
2between the core and the cladding, and A = ur^/2 is the effective area. The 
added spontaneous power is neglected after a distance L = 2 cm. Finally, 
and P^ are the peak powers of the pulses propagating in the two polarization 
eigenmodes.
The initial phase of a noise spectral component will be taken as
zero.
As in Chapter 3, spontaneous emission can be amplified, so that 
energy may be coupled into the perpendicular mode when the pump polarization 
is aligned with one of the principal axes of the fibre.
6.2.2 Numerical Evaluation of Spectra in High Birefringence Fibers
In the case of highly birefringent fibers the power ratio of the two
polarization eigenmodes, excited at the input, remains constant along the
fiber when linear loss effects are irrelevant (see Section 5.2). This is due
to the rapid oscillations of the sinQ, . and cos0. ., (k*j), factors ink] kj
(6.7) and (6.8) caused by the high degree of phase-mismatch which is brought
about by a large birefringence i.e., 3 (oo ) - 0 (cu ). Thus in (6.5) and
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(6.6) the contributions from the terms f^j and g ^  practically vanish over a 
finite distance. By contrast the terms h c ^  are phase-matched and contribute 
to the spectral broadening with no net cross-polarization coupling of power. 
Note that no assumption needs to be made about the state of polarization of 
spectral lines, unlike the analysis presented in [16], which considers
random polarization effects.
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Eq. (6.5) and (6.6) are solved numerically analogously to Sections
4.2.1-2, by discretizing the frequency range of 6 Aw, centered about w ,o
into N (=120) intervals. Hence, the spectral width of each interval is 
6w = 6Aw/N, and the discretized integrals of (6.7), (6.8), (6.10a), and 
(6.10b) lead to relations of the form
d
dz
NLp ' (w ) = w C (Aq Aw )z (6/N)z (rF1 + (1 —r ) F 2 ) (6.15a)
and
d NL o  o—  <j> (0) ) = 0) C (A Aw)2 (6/N)2 (rFo + (1-r)F ) (6.15b)dz o 3 4
after using eq. (6.12), p (w) = A p ' (w ), and r = P /(A Aw)2 , witho x o
(A Aw)2 the total pulse peak power. The functions F. (i=1-4) depend only on o i
normalized spectral distributions p ' (w) and relative phases. In (6.15) F^,
F 2 , F^, and F^ are the discretized forms of, respectively, (6.7), (6.10a),
(6.8), and (6.10b). For r = 1 we regain the case discussed in Chapter 4
corresponding to all waves being parallel polarized.
We thus see from (6.13) and (6.15) that a trade-off exists between
peak power and length. So long as the peak power is kept constant, by
adjusting A , all spectra of the same shape display the same relative behavior
regardless of the input spectral width.
The evolutions of phase and amplitude spectra of a field
distribution centered at 1 pm wavelength, and propagating down a 3 pm
radius fiber with a core-cladding relative refractive index of 0.003, are
illustrated in Figs. 6.1-6.3 for an input of P = 25 W and P = 10 W pulsex y
peak powers.
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As a l r e a d y  m e n t i o n e d  i n  S e c t i o n s  4 . 2  an d  4 . 3 ,  we f i n d  o u t  f rom  e q s .
( 6 . 5 )  an d  ( 6 . 7 )  t h a t  f o r  t r a n s f e r  o f  p o w e r  t o  t a k e  p l a c e  b e t w e e n  s p e c t r a l
c o m p o n e n t s ,  a p h a s e  d i f f e r e n c e  m u s t  f i r s t  be  p r e s e n t  o r  i n d u c e d .  As i n d i c a t e d
by e q .  ( 6 . 6 )  t h e  p h a s e  v a r i a t i o n  o f  a s p e c t r a l  l i n e  i s  i n v e r s e l y  p r o p o r t i o n a l
t o  i t s  a m p l i t u d e  an d  r e l a t e d  t o  t h e  c o s i n e  o f  r e l a t i v e  p h a s e s .  Such p h a s e
v a r i a t i o n s  a r e  i l l u s t r a t e d  i n  F i g s  6 . 1 a  an d  6 . 2 a ,  f o r  <j> (ai ) an d  d> (oj ) ,
y x
r e s p e c t i v e l y .  The p h a s e  <J> (u)) h a s ,  i n  t h e  f i r s t  s t a g e s ,  a maximum f o r  v a l u e s  
o f  a) a t  w h ich  t h e  p h a s e  c h a n g e  r a t e  i s  m o d e r a t e  s o  t h a t  t h e  c o n t r i b u t i o n s  
made by t h e  c o s i n e  t e r m s  i n  e q .  ( 6 . 6 ) ,  co m in g  f r o m  g ^ j  a s  i n  ( 6 . 8 ) ,  add m o s t l y  
i n  p h a s e  o r  w i t h  p o s i t i v e  s i g n s  f o r  a g i v e n  d i s t a n c e .  E v e n t u a l l y ,  t h i s  p h a s e  
p e a k  bec om es  a d i s c o n t i n u i t y  i n  t h e  o u t e r  p a r t s  o f  t h e  s p e c t r u m ,  a s  we s e e  i n  
F i g .  6 . 2 a .  The f i r s t  s t a g e s  o f  s p e c t r a l  b r o a d e n i n g  a r e  d i s p l a y e d  i n  F i g s  6 . 1 b  
and  6 . 2 b .  The s t r u c t u r e  o f  e q s .  ( 6 . 5 )  an d  ( 6 . 7 )  i n d i c a t e s  t h a t  pow er  w i l l  be  
t r a n s f e r r e d  f r o m  s p e c t r a l  l i n e s  w i t h  l o w e r  p h a s e s  t o  t h o s e  w i t h  h i g h e r  
p h a s e s .  So,  t h e  o u t e r  f r e q u e n c i e s  grow t h r o u g h  p o w er  c o u p l i n g  f r o m  t h e  
c e n t e r .  T hen ,  a s  t h e  c e n t r a l  f r e q u e n c i e s  l o s e  p o w e r ,  t h e  r a t e  o f  t h e i r  p h a s e  
v a r i a t i o n s  i s  e n h a n c e d  s o  t h a t  t h e  c e n t r a l  p h a s e s  c a t c h  up w i t h  an d  o v e r t a k e  
t h e  l a t e r a l  p h a s e s  ( s e e  F i g .  6 . 2 a ) .  At  t h i s  s t a g e  t h e  d i r e c t i o n  o f  pow er  
c o u p l i n g  r e v e r s e s  an d  t h e  two s i d e  p e a k s  o f  t h e  a m p l i t u d e  s p e c t r u m  g i v e  away 
pow er  t o  t h e  c e n t e r  an d  o u t e r  s i d e s  o f  t h e  s p e c t r u m .  T h i s  i s  i l l u s t r a t e d  i n  
F i g .  6 . 3 .
I n  t h e  l o n g  r u n  a s  t h e  b r o a d e n i n g  p r o c e s s  c o n t i n u e s  t h e  a m p l i t u d e s  
d i m i n i s h  a s  p o w er  s p r e a d s  o u t  an d  t h e  d i f f e r e n c e  b e t w e e n  t h e  p e a k s  an d  d i p s  o f  
t h e  a m p l i t u d e  s p e c t r u m  b ec omes  g r a d u a l l y  r e d u c e d .  T h i s  i s  a c c o m p a n i e d  by a 
s i m i l a r  l e v e l i n g  o u t  o f  t h e  p h a s e  d i s t r i b u t i o n  b r o u g h t  a b o u t  by i n c r e a s e d
v a r i a t i o n  r a t e
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( w  - w Q)/a c j
Fig. 6.1a Phase distributions 4>v (w ) generated by nonlinear effects in a 
high birefringence fiber excited with peak powers Px = 25 W and 
Py= 10 W. The curves correspond, in increasing order, to 35 cm, 
75 cm, 102cm, and 150 cm.
(CJ - CJQ )/ A CJ
Fig. 6.1b Field amplitude distribution (oj ) corresponding to the phase
evolution of Fig. 6.1a. In decreasing order of the central 
amplitude: 0 cm, 75 cm, 102 cm, and 150 cm.
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(CO - COQ )/ A CO
Fig. 6.2a Phase distributions $ (w ) accompanying the phase evolution of 
Fig. 6.1a. In increasing order: 35 cm, 75 cm, 102 cm, and 150
cm.
(CO - COQ )/ A CO
Fig. 6.2b Field amplitude distribution p (to) corresponding to the phase 
evolution of Fig. 6.2a. In decreasing order of central
amplitude: 0 cm, 75 cm, and 102 cm.
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F i g .  6 .3  F i e l d  a m p l i t u d e  d i s t r i b u t i o n  p ^ ( oj) c o r r e s p o n d i n g  t o  F i g .  6 . 2 a ,  
a t  150 cm (d as h e d  l i n e ) .  The s o l i d  l i n e  shows t h e  i n p u t  s p e c t r a l  
d i s t r i b u t i o n .
As t h e s e  r e s u l t s  show, i n  a h i g h l y  b i r e f r i n g e n t  f i b e r  t h e r e  i s  no 
q u a l i t a t i v e  d i f f e r e n c e  i n  t h e  e v o l u t i o n  of  s p e c t r a l  d i s t r i b u t i o n s  be tw een  t h e  
c a s e  where  a l l  t h e  power p r o p a g a t e s  i n  t h e  same p o l a r i z a t i o n ,  as  d i s c u s s e d  i n  
S e c t i o n  4 . 3 ,  and t h e  c a s e  h e r e  where  p a r t  of  t h e  power p r o p a g a t e s  i n  t h e  
p e r p e n d i c u l a r  p o l a r i z a t i o n .  A q u a n t i t a t i v e  d i f f e r e n c e  w i l l  a r i s e  f rom t h e  
f a c t  t h a t  t h e  i n t e r p o l a r i z a t i o n  s u s c e p t i b i l i t y  x^ 2 12 + *1122 two 
t h i r d s  ( s e e  e q .  2 . 12 )  of  t h e  i n t r a p o l a r i z a t i o n  s u s c e p t i b i l i t y
In  our  n u m e r i c a l  example  a s p e c t r a l  b r o a d e n i n g  by a f a c t o r  c f  6 
a p p e a r s  a t  t h e  end o f  a 1 . 5  m e t e r  l o n g  f i b e r  f o r  a t o t a l  p u l s e  peak of  35 W. 
B e a r i n g  i n  mind t h a t  a t r a d e - o f f  b e tw e en  t h e  p u l s e  power and t h e  f i b e r  l e n g t h
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characterizes the nonlinear interactions, these results seem compatible with 
an experimentally determined broadening factor of 50 for 1 W power input and 
150 m fiber [18].
6.2.3 Numerical Evaluation of Spectra in Low Birefringence Fibers
When the phase-mismatch caused by the fiber's birefringence becomes 
sufficiently low, photons can be coupled in phase between the polarization 
eigenmodes. As a result the modal powers vary periodically as illustrated in 
Section 5.2. In this case the cross-polarization terms f ^  and gjk of (6.5) 
and (6.6) have to be taken into account when examining the evolution of 
spectral distributions.
The qualitative evolution of the spectral broadening caused by the 
combination of the nonlinear coefficients X 1 1 1  / and X 1122 and *1212 
(1,2 = x,y) is similar to the broadening induced only by So, in
order to make the problem numerically tractable we shall retain only the 
intra-polarization factor. By neglecting the cross-polarization broadening
term i .e ., hsjk in (6.5) and h c ^ in (6.6), and retaining the inter-
polarization coupling of power, i.e. , f^j in (6.5) and g^j in (6.6), we
attempt to find out features brought about by the tensorial coefficient
X 1 221 ' whi-1-e possibly underestimating the overall broadening.
Amplitude and phase spectra corresponding to initially equal
excitations of 25 W pulse peak power of the two polarization eigenmodes, are
-7illustrated in Figs. 6.4-7. A birefringence B = n - nx = 5 x 1 0  is assumed 
at 1 urn wavelength together with the other fiber parameters previously 
mentioned. The initial period of monochromatic power coupling (see Section 
5.2) in this case would be about 100 cm, and the coupling direction is
initially from the x-polarized mode to the y-polarized mode.
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Fig. 6.4a
Fig. 6.4b
(CJ - CJQ )/ A(j
(U) - 0JQ )/ A CO
Fig. 6.4 Field amplitude distributions in a fiber of birefringence B = 5 x
_710 and initially equal polarization mode excitations of 25 W. 
The curves correspond to 0 cm (solid line), 24 cm (short-dashed 
line), and 48 cm (long-dahsed line).
a) p (u> )y b) p (a)) x
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6 . 5 b
6 . 5  P h a s e  d i s t r i b u t i o n s  a s s o c i a t e d  w i t h  t h e  f i e l d  
F i g . 6 . 4  an d  c o r r e s p o n d i n g  t o  24 cm ( s o l i d  l i n e )  
l i n e ) ,  a )  <j> (w) ,  an d  b )  <f> (oo ).
y x
d i s t r i b u t i o n s  o f  
an d  48 cm ( d a s h e d
1 48
Fig.
Fig.
Fig.
6.6a
n 0-5
( U> ~ CJQ )/ A U)
6.6b
ni 0-5
- CJQ )/ A CJ
6.6 Field amplitude distributions further down the fiber, at
(short-dashed line), and 138 cm (long-dashed line). The
line shows again the input distribution. a) p (go),
P (u>). x
95 cm 
solid
and b )
1 4 9
( CJ - u>0 )/ A Cd
Fig. 6.7a
Fig. 6.7b
Fig. 6.7 Phase distributions, corresponding to the field distributions of
Fig. 6.6, at 95 cm (solid line), and 138 cm (dashed line). a)
<J> (w ), and b ) <J> (u) ).y x
1 50
S- 0.4
z (m)
F i g .  6 . 8  F r a c t i o n  of  t o t a l  s p e c t r a l  power Px (z)  i n  t h e  x - p o l a r i z e d  mode.
S o l i d  l i n e :  i n p u t  P = P = 10 W, and b i r e f r i n g e n c e  B = 10~°;x y
—s h o r t - d a s h e d  l i n e :  i n p u t  Px = Py = 25 W, B = 10 ; and l o n g -
_7
d a s h e d  l i n e :  P^ = P^ = 25 W, B = 10 . O p e r a t i o n a l  w a v e l e n g t h
i s  1 yin.
As i n d i c a t e d  by t h e  s h o r t - d a s h e d  l i n e  of  F i g s .  6 . 4 a  and 6 .4b  
i n t e r p o l a r i z a t i o n  c o u p l i n g  d o m in a t e s  t h e  s p e c t r a l  b e h a v i o u r  i n  t h e  f i r s t  s t a g e  
of  p r o p a g a t i o n .  We can  s e e  t h a t  p ^ ( oj) h a s  i n c r e a s e d  i n  a m p l i t u d e  w i t h  
l i t t l e  d i s t o r t i o n  o f  i t s  d i s t r i b u t i o n .  L a t e r  on b r o a d e n i n g  mechanisms a p p e a r  
t o  make t h e  major  c o n t r i b u t i o n s  t o  t h e  s p e c t r a ' s  b e h a v i o u r .  Th i s  can be s e en  
i n  F i g s .  6 . 6 a  and 6 . 6 b .
As t o  t h e  p h a s e  d i s t r i b u t i o n s ,  t h e  one c o r r e s p o n d i n g  t o  t h e  power 
r e c e i v i n g  p o l a r i z a t i o n ,  i . e . ,  c(> (oj ),  e v o l v e s  i n t o  smooth and c o n t i n u o u s
d i s t r i b u t i o n s  a c r o s s  t h e  f r e q u e n c y  ran g e  c o n s i d e r e d  h e r e  ( see  F i g s .  6 . 5 a  and
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6.7a). On the other hand, the distribution (u> ) develops discontinuitiesx
and sharp peaks (see Figs 6.5b and 6.7b), associated with local depletions of 
P (co ). This amplitude spectrum suffers a lower degree of broadening because 
of its rapidly varying phases at the side frequencies.
It is interesting to note that for strong interpolarization 
coupling, the power coupling is not totally reversible, as shown in Fig. 
6.8. The reason for this is the accumulated nonlinear phase which shortens 
the period duration (see Section 5.2).
6.3 DEGREE OF COHERENCE
The optical power passing through a linear polarisation analyzer not 
aligned with either of the principal axes of the birefringent fiber, depends 
on the magnitude and phase of the complex degree of coherence [19].
6.3.1 General Formalism
The projection of the electric field E along the direction
/\ A A A A A
e = cos0 x + sinö y (e , x, and y being unit vectors) is given by P P
E (z , t ) = (E • e ) e P P P
. 00 -i$ (a)) -i$ (to)x y itote /do) (p (to)e ‘ cosö + p (to )e sin0 ) ep o x y
(6.16)
with $ (to) = 3.(to)z + 4> . (to). The dependence of p. and • on the j D 3 3 3
distance z is implicit. The power corresponding to E is obtained from the
i?
interference between the two terms of (6.16) as [19]
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P ( z ) = < E • E > = P c o s 2 0 + P s i n 20 + p p x y
+ (P P ) ^2 ( s in 2 0  ) |u j cos  (AS z + a ) 
x y ' x y ' o xy
( 6 . 17 )
where t h e  b r a c k e t s  < > s t a n d  f o r  a long  t im e  a v e r a g e .  P and P d e n o t e  t h ex y
t o t a l  s p e c t r a l  powers  i n  each  p o l a r i z a t i o n  g i v e n  by
P .  =  / dco p . (co ) / d c o  ' p . ( c o ' ) 6 ( co —öl) ' ) =  /  dco p 2 (co )
3 0 3 0 3 O 3
( 6 . 1 8 )
F i n a l l y ,  u = U e x p ( i a  ) i s  t h e  complex  d e g r e e  of  c o h e r e n c e  c a l c u l a t e d  xy 1 x y ' xy
from
 ^ ao co
U = (P P ) ^  fdu) p ( c o ) / d t o  ' p ( c o ' ) 6 (co —c o ' ) e
XY x y o X 0 y
iA$ (co )
( 6 . 19 )
where A$ (co ) = Aß ' (co —co )z + <p (c o ) -  tj) (co ) a f t e r  d e f i n i n g  AS (co )o o x y
S (c o ) -  S (co) =  AS +  Aß ' (co —co ) x y o o o w i t h AS =  S (co ) -  S (co ) o x o y o and
A S '  =  d A S / d c o  e v a l u a t e d  a t  t h e  c e n t e r  f r e q u e n c y  co . We e s t i m a t e  t h e
o
p o l a r i z a t i o n - m o d e  d i s p e r s i o n  AS ' f rom t h e  r e l a t i o n  [20]o
AS ' -  -B /c  o ( 6 . 2 0 )
w i t h  B = n -  n x t h e  d e g r e e  of  l i n e a r  b i r e f r i n g e n c e .  However,  f o r  t h e
-3
s p e c t r a l  b a n d w i d th s  (Aco/oo  ^ < 1 0  ) and f i b e r  l e n g t h s  (< 2 m) u s e d  h e r e  t h e
p o l a r i z a t i o n - m o d e  d i s p e r s i o n  w i l l  have  no i n f l u e n c e  on t h e  d e g r e e  o f
c o h e r e n c e
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6.3.2 Evaluation of the Degree of Coherence for High Birefringence Fibers
While in the linear regime the amplitude distributions propagating 
in the two polarization eigenmodes remain unchanged along the fiber, in the 
nonlinear regime both the amplitude and phase distributions can undergo strong 
variations. As explained in Section 6.2.2, in the absence of 
interpolarization coupling the amount of spectral broadening in each mode is 
determined by the level of mode excitation at the input. Thus, unless the 
power partition between the modes is equal, we should expect a degradation, 
down the fiber, of |y |, the modulus of the complex degree of coherence as 
well as non-zero values for its phase axy
The larger the difference between the powers of the two modes, the 
smaller the modulus of the degree of coherence becomes. This is due to the 
unequal broadening of the two spectra so that the outer wings will make no 
contribution to the integrals of (6.19), and also to dissimilar phase 
variations, the difference between which is proportional to the initial power 
difference as pointed out by eq. (6.15b).
These considerations are reflected in Fig. 6.9 for the modulus 
function and in Fig. 6.10 for the phase function of the complex degree of 
coherence.
If the launched peak powers are kept unchanged, i.e., (A^Ao))^ is a 
constant, the degree of coherence and its phase display no dependence on the 
spectral width, due to identical normalized evolutions of the spectral 
distributions as indicated in (6.15).
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z (m)
Fig. 6.9 Modulus of the complex degree of coherence in a high birefringence 
fiber for: a) P = 10 W and P = 4 W input, and b) P = 25 W andX y X
P^ . = 10 W input.
•o 0.8
0 0.4
z (m)
Fig. 6.10 Phase of the complex degree of coherence corresponding to the
modulus of Fig. 6.9 .
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6.3.3 Evaluation of the Degree of Coherence in Low Birefringence Fibers
In the linear regime the existence of interpolarization coupling 
centers along the fiber [8] leads to a lower group-delay difference between 
the interfering components and, consequently, to a reduced light 
depolarization [8] . The nonlinear coupling of power between the polarization 
eigenmodes has a different effect because of the unequal spectral broadenings 
to which it contributes. Again, as in Section 6.2.3, for computational 
tractability we try to determine qualitative trends of u due to inter­
polarization coupling of power, rather than obtain absolute quantitative 
values, by neglecting the terms h s ^  and h c ^  in (6.5) and (6.6).
Since the degree of intermodal power coupling is enhanced with 
increasing input powers and decreasing birefringence, one would expect a 
corresponding deterioration of l^Xyl' m°dulus of the complex degree of
coherence, as depicted by Fig. 6.11 for three sets of parameters.
A similarly stronger variation with higher input power and reduced 
birefringence is also displayed by the phase of the complex degree of
coherence as we observe in Fig. 6.12.
For both the modulus and phase functions, the rate of change is very 
low or moderate during the stages where power is coupled back into the x- 
polarized mode as we can see by comparing Figs. 6.8, 6.11 and 6.12. Note also 
that the slower rate of inter-polarization' power coupling for lower 
birefringence fibers, which results from a slowly accumulating phase Aßz, 
leads for very short fibers (< 40 cm) to smaller variations of the degree of 
coherence and the corresponding phase, for equal power levels.
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Fig.
Fig.
z (m)
6.11 Modulus of complex degree of coherence for: a) = 10 W
input, and B = 10 ^; b) P = P = 25 W input, and B = 10” ;^ and c)x y
Px = Py = 25 W input and B = 5 x 1 0 ^ .  Operational wavelength is 
1 urn.
z (m)
6.12 Phase of complex degree of coherence corresponding to the modulus
of Fig. 6.11 .
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We find out again that the degree of coherence in the nonlinear 
regime is affected by the peak powers launched into the fiber but not by the 
spectral width if the peak powers remain unchanged.
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6.4 CONCLUSIONS
Optical fibre devices, based on detecting changes in the state of 
polarized light brought about by different initial conditions, must maintain a 
good degree of light coherence for input variations to be translated into 
discernible output states. Hence estimations of the complex degree of 
coherence are necessary for an efficient design. This, in turn, leads us to 
the need to evaluate the .behavior of the spectral amplitude and phase 
distributions as the light propagates down the fiber in its two polarization 
eigenmodes. This task was carried out by means of coupled-wave equations 
connecting the spectral lines. Our model took into account the spontaneously 
emitted power which is to have greater importance in the outer wings of the 
power spectrum. While for high birefringence fibers only phase-matched 
frequency conversions contribute to the spectral broadening, in low 
birefringence fibers the inter-polarization coupling of power adds an 
additional broadening mechanism.
Next we calculated the complex degree of coherence of light. It has 
been found that its modulus is adversely affected by a large power difference 
between the eigenmodes. Also, the degree of coherence deteriorates with 
reduction of the birefringence which brings about a stronger interpolarization 
coupling. On the other hand, the variation of the spectral width of the input 
distribution has no influence, in the nonlinear case, on the degree of 
coherence if the initial peak powers in the eigenmodes are kept constant.
Strong variations of the modulus of the degree of coherence are 
accompanied by large changes of the phase of the degree of coherence.
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7. GENERAL CONCLUSIONS
The analyses presented in this thesis were designed to add further 
insight into previously discussed topics such as four-wave mixing (Chapter 3), 
and spectral broadening (Chapter 4) in optically nonlinear monomode fibers. 
The last two chapters, i.e., Chapters 5 and 6, treated nonlinear interactions 
in birefringent fibres. The scope of this work was limited to physical 
effects generated by the real part of the third-order susceptibility.
The major feature common to these analyses is the interplay between 
the variations of the amplitudes and phases of the waves involved in the 
nonlinear interactions. Coupling of power between the waves is proportional 
to their powers and to the sine of the phase difference between the pump waves 
and the "Stokes" and "anti-Stokes" waves, while the phase variations depend on 
the cosine of the relative phase, as well as on the power distribution among 
the waves.
In the case of four-wave mixing between discrete spectral lines, 
this amplitude-phase relationship limits the amount of transferrable power, 
and means that for short fibres the conversion efficiency can be maximized by 
carefully choosing a finite phase-mismatch, and an appropriate input phase 
difference.
Given a continuum of spectral lines of a finite bandwidth, coupling 
of power from the centre to the outer frequencies is possible by amplification 
of lateral frequencies and spontaneous emission, as soon as a dispersive phase 
is present. Such a phase may be induced by a combination of linear dispersion
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and nonlinear mechanisms. For a hyperbolic secant distribution of the input 
spectrum, and no initial phase distribution the variations of both the 
amplitudes and phases can be prevented, so that the resulting pulse will 
propagate unmodified down the fibre.
So far only waves of different frequencies and the same polarization 
have been considered. In a birefringent fibre, however, we considered 
nonlinear interactions between waves of the same frequency and perpendicular 
polarizations. Interpolarization coupling of power for such copropagating 
waves can occur, substantially, only in low birefringence fibres, where the 
relative phase, dominated by the degree of birefringence, allows for in-phase 
coupling.
A shortcoming of low birefringence fibres is the random coupling 
caused by irregularities along the fibres. This could prove a limiting factor 
in the design of optical devices based on nonlinearities in birefringent 
fibers. This problem can be solved by using high birefringence fiber, in 
which case the strong phase-mismatch can be circumverted by means of two 
counter-propagating waves of the same frequency, or two copropagating waves of 
different frequencies.
When the beam of light launched into a birefringent fibre has enough 
optical power, the nonlinear interactions lead to a deterioration of its 
complex degree of coherence. Unlike the linear case, the nonlinear 
degradation of the degree of coherence is more evident at high power levels 
for which cross-polarization coupling of power is easily brought about in low 
birefringence fibers. In high birefringence fibres variations of the degree 
of coherence become pronounced with the differential level of excitation of 
the two polarization modes.
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Finally, let us consider a few suggestions of further work which may 
draw upon the results discussed so far.
A natural extension of the analyses of Chapter 3 and 4 would 
incorporate other nonlinear phenomena such as Raman and Brillouin scatterings, 
so as to build a comprehensive model of nonlinear interactions. In the case 
of broad optical spectra which gives rise to pulses of the order of
picoseconds and less, the interaction times of Raman conversions
1 2 -1 6 (~ 10 sec) versus four-wave mixing (~ 10 sec) may reveal further
insight into the spectral composition of the generated pulse.
The physical mechanisms of interpolarization coupling in
birefringent fibres together with power dependent changes in the degree of 
coherence may prove useful in the design of optical devices. Such devices may 
consist of fibres with attached Bragg gratings for backward reflection, fiber 
loops for controlled power output, strongly coupled fibres possessing a high 
nonlinearity, etc.
The exploration of nonlinear optical processes using optical fibers 
is now becoming a mature subject. The future may see a whole range of new 
optical devices exploiting these effects.
